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SUMMARY 
The dissipation and spread of stresses in a granular 
material due to an applied disturbance is investigated. 
A single impulse was applied to a granular material to 
help understand its behaviour when disturbed by an 
oscillating vertical force, Measurements were made of the 
effect of the impulse at the surface of the beds of sand of 
various heights, The spread of the 'disturbance in a direction 
normal to that of application was measured by a radial 
traverse of the surface of each bed, 
The behaviour of a granular material when acted upon by 
. 
a force is comprehensively discussed in the literature survey, 
The effect on the structure throughout the material of a 
disturbance applied at a distant point is then assessed. 
A theory is presented to predict the profile of force 
at the surface of granular material disturbed internally by a 
vertical impulse, A second theory is presented which extends 
established methods of estimating the velocity of propagation 
of a disturbance. In the course of the development of the 
velocity of propagation an expression is derived for 
Poisson's ratio of a granular material. 
Comparison of theory with experiment shows ~n accurate 
prediction of Poisson's ratio and an inaccurate prediction of 
velocity of propagation due to simplified evaluation of the 
functions involved, The prediction of profile of force varies 
in the correct manner but the values are low. One constant 
proposed in the equation for force profile cannot yet be 
theoretically evaluated, 
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INTRODUCTION 
The purpose of this work is to predict and observe 
effects of interest to engineers which occur when a force, 
particularly due to an oscillating source is applied to a 
granular material. 
1 
The macroscopic effect of greatest interest is the 
production of non-recoverable deformation of the granular 
mass, be it desired as in the problem of powder flow of the 
process engineer or undesired as in the settlement problem of 
civil engineers. A complete understanding of this 
deformation will only be possible when the relationship 
between the powder behaviour and the fundamental properties 
is known. This relationship will only be unique and simple 
mathematically if the correct fundamental properties are 
measured. This issue has not yet been fully resolved. 
The technique at present is to measure a macroscopic 
property of strength and treat the material as a plastic 
continuum.The rules of procedure are all based on the 
Coulumb equation and have been developed extensively. 
Terzlghi, himself a world authority on soil mechanics, has 
suggested that the failing of the basic principles of his 
science is that continuum is considered when in reality soils 
are composed of many discrete grains. The approach here will 
be to consider the individual grains and thereby predict 
macroscopic properties which can then be used to predict 
behaviour in some ways already established. 
The sequence of properties to aid a complete 
understanding of the propagation of stress in granular 
material is:-
2 
(1) Primary properties e.g. particle size distribution 
(2) Physical state e.g. porosity and particle 
orientation 
(3) Macroscopic properties e.g. bulk modulus, shear 
strength 
(4) Behaviour e.g. velocity of propagation of 
a disturbance. Dissipation 
and spread of applied force. 
The step from (3) to (4) is established. Theories presented 
here attempt to relate all four sections. 
The relationships developed between the primary 
properties of the particles, the physical state and the 
macroscopic properties rely heavily on the theories of 
behaviour of interparticle contacts. Present theory treats 
the contact behaviour as being close to elastic and. in 
consequence cannot predict the degree of non-recoverable 
deformation of the bulk material. However the present 
modified elastic theory can be used to predict the onset of 
non-recoverable deformation. This will be done by predicting 
the shear occuring within the material which will be related 
to the properties of shear strength, to define the onset of 
deformation. 
3 
Non-recoverable deformation of a granular material can 
be of two types. 
(1) The disordered process of interparticle contact slide 
which allows the particles to move relative to one another 
but generally in the direction of applied force such that 
they try to relieve the force. This process causes an 
overall reduction in porosity and it will be called 
compaction. 
force 
Force applied to open void. Contact slides and void closes 
Applied force causing compaction by contact slide. 
(2) The more ordered process of bulk movement where many 
particles move in the direction of the applied force with or 
without relative interparticle movement. This bulk movement 
is bounded by zones of shear and only occurs if the shear 
strength of the material is exceeded. This process will be 
called bulk flow. 
The thesis will consider the history of both types of 
non-recoverable deformation, particularly caused by vibration, 
and will present experiment and theory to describe the local 
4 
conditions of stress in a granular material in order to 
predict the onset of deformation. Since interparticle contact 
slide is not considered the non-recoverable deformation 
predicted will be bulk flow. Later discussion suggests how 
compact ion can be predicted. 
CHAPTER ONE 
THE PRELIMINARY EXPERIMENTAL WORK 
An early look at the literature suggested no obvious 
approach to this study of vibration of granular material, 
Some problems that were being faced by industry created 
whilst using vibration in chemical engineering were forth-
coming but no common solution was apparent, It was decided 
then to conduct some simple visual experiments to observe 
reported phenomena and look at the problems involved. 
5 
A small vibrating table was bought, which was 
manufactured as a commercial packer, The vibrating table was 
made of a steel plate which easily allowed attachment of 
apparatus to contain the material to be vibrated. Vibrational 
energy was generated electromagnetically at 50 cycles per 
second, The visual experiments involved vibrating glass beads 
or sand in a measuring cylinder which was clamped to the 
table,Fig.l.,The capacity of the measuring cylinder, the 
height of the granular material and the amplitude were varied 
and bulk circulation, packing and expansion of the bed were 
observed. 
Similar experiments formed the basis of an 
undergraduate project conducted at the time and their results 
are included as they represent the phenomena that was 
observed. 
Fig.l, 
easuring cylinder 
clamped to the 
vibrating table. 
The commercial packer and measuring cylinder. 
6 
The experimental technique was to vary the setting of 
the vibrator controller on a linear scale and thus obtain 
different maximum accelerations. The acceleration was 
7 
measured using a cathetometer focus sed· on a knife edge 
attached to the vibrating table. The experiments were to find 
the minimum porosity obtainable by varying the acceleration, 
to measure the variation of the rate of packing with time, 
and to measure the effect of increasing a surface load on the 
powder. 
MINIMUM POROSITY AFTER VIBRATION 
Fine Fine Coarse Rubber 
Acceleration . sand sand sand Chalk chips 
of vibration < 1001J < 6001J < 6001J < 451J ::: 20001J 
.00g .420 .441 .383 .450 .450 
.15g .396 .400 .355 .411 .440 
4.43g .350 .338' .321 .341 .403 
8.35g .344 .325 .306 .341 ,379 
9,66g .350 .330 .303 ,356 .370 
11.10g .344 .346 .306 ,356 .364 
12.13g .340 .320 .303 ,356 .360 
12.80g .350 .338 .306 .364 .364 
Table 1 The effect of vibrational acceleration on the 
porosity of granular material. 
8 
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The effect of vibrational acceleration on the porosity 
of granular material is shown in Table 1 and Fig,2, The 
experiment was conducted with the vibration continuing at 
fixed maximum acceleration of ··U times that of gravity 
( .N g) until no further decrease in porosity resulted. The 
rate of compaction results at vibration of 8.35g, are shown 
in Table 2 and Fig, 3, The first three porosity columns were 
measured with the vibratoroff·and time continued between 
measurements, The fourth column of results was taken with 
the vibrator off but the sample was loosened to the initial 
porosity before the vibration was restarted, In this case 
time was taken for compaction from the initial porosity to 
that at which the reading was taken, 
POROSITY 
Vibration 
time sec ~ Run 1 Run 2 Run 3 Run 4 
0 .401 .406 ,410 .400 
05 .365 .344 ,348 ,345 
10 .341 .341 .339 .341 
15 .333 .337 .333 .331 
20 .329 .333 .333 ,341 
25 .326 .330 .330 .335 
30 .326 .330 .330 ,323 
35 .326 ,326 .326 ,322 
Table 2 The rate of compaction of sand at a,peak 
vibrational acceleration·of 8.35g. 
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.45·~--------------------------------------1 
VSand Columns 1-3 Table 2 
.42 DSand Column 4 Table 2 
°Sand Column 1 Table 3 
.39 
.33 
.30~------------------~----------------~ 
1 10 
Log tim~, seconds. 
100 
Fig.3. The rate of compaction of sand whilst being vibrated 
at an acceleration of 8.35g. 
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The effect of a surface load on the packing of the 
granular material was measured; these results are shown in 
Table 3 and Fig. 4. The vibrator was stopped for each reading 
and time continued as the vibrator was restarted, (The 
results in Table 2 show no difference due to an interrupted 
vibration time.) The load was applied to the surface by a 
bottle loosely fitting into the measuring cylinder. 
POROSITY 
Load on 
surface gm. 0 99 149 199 299 
Vibration 
time sec. 1+ . Mean. of four' runs in each case 
0 .402 .402 .400 .406 .405 
05 .340 .336 .338 .334 .337 
10 .335 .327 .330 .330 .327 
15 .330 .326 .330 .330 .327 
20 ,327 ,325 ,326 .330 ,322 
25 .326 .325 .326 .330 .322 
30 .326 ,325 .325 ,328 .322 
35 ,325 .325 .325 .328 .322 
40 ,325 .325 ,325 ·328 .322 
45 .325 .325 .325 .325 .322 
50 .325 .325 .324 
55 .325 .325 ,322 
60 ,325 .322 
Table 3 The effect of surface load on the packing of 
sand of size '< 600 jl. 
399 
->-1 
.403 
,339 
.330 
.327 
.324 
,324 
,322 
.322 
.322 
,322 
.322 
.322 
,322 
fine 
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.45r-------------------------------------~ 
.42 
.39 
.30~------------------~----------------~ 
1 10 100 
Log time, seconds. 
Fig.4. The effect of surface load on the rate of compaction 
by vibrational acceleration of 8.35g. 
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During the course of these experiments reproducibility 
measurements were made and standard deviations on final 
porosities calculated. The results of these calculations are 
shown in Table 4~ below;--
Material Sand. Sand p, V.C, P.V.C. Sand Sand Sand 
Size <6001l <6001l "30001l "15001l <600 <600 <600 
Number 
of results 
taken 17 17 17 17 17* 17t 17tt 
Capacity 
Cubic centimetres 
of vessel 1000 1000 1000 1000 1000 1000 500 
Initial 
volume 1000 1000 1000 1000 1000 500 500 
Mean final 
volume 886,3 883.2 908.4 894,1 902.4 449.7 447,1 
Standard 
deviation 6,6 5,0 6,0 5.2 7.9 4,9 3,5 
Initial 
porosity ,403 .385 .423 ,419 ,410 .411 .408 
Mean fuel 
porosity .326 .303 .364 .350 .346 .344 ,340 
Standard 
deviation .005 .004 .004 .003 ,006 .008 .005 
* Vibrated for one minute only. 
t 500 cc. of sand in 1000 cc. measuring cylinder 
vibrated for one minute. 
tt 500 cc. of sand in 500 cc. measuring cylinder 
vibrated for one minute. 
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Following visual observation some understanding of 
possible mechanisms of propagation of vibration and 
microscopic behaviour of the material was necessary to plan 
the major experimental part of the project. A high speed 
camera was used to observe this behaviour, being able to take 
several photographs during each cycle of vibration. Such a 
technique was limited by the subject being close to a wall of 
"the container but since it was not intended to take precise 
measurements from the resulting films the experiment was 
considered of value. 
The camera used was a 'Fastax' capable of recording up 
to 8,000 frames per second, i.e. 160 photographs per cycle of 
50 Hertz vibration. The first sequences of film were of a 
vertical monolayer of glass beads contained between two 
perspex sheets. The beads and the air between them were 
perfectly dry. Illumination from behind the subject gave the 
best photographic contrast, films being taken before, as and 
after the vibrator was started, The second series produced 
films of the monolayer of beads totally immersed in air free 
water subjected to the same vibration. The third series was 
of the monolayer of beads drained of water but held by the 
remaining pendular moisture. Photographs produced from the 
films are shown in Figs. 5 and 6, 
Experiment could proceed little further without a more 
versatile vibrator, A variation of frequency and amplitude 
was required as well as a higher power output than had 
15 
previously been possible. A rapid response time of the 
vibrating system was also essential since changes in the 
vibration wave form likely necessary to investigate 
propagation phenomena had to be closely followed by the 
vibrator. An electromagnetic vibrator capable of following a 
wave-form generator output was considered closest to our 
specification, 
The vibrator chosen was manufactured by Derritron, 
England being their V.P. 25 model driven by their 1000 watt 
low frequency amplifier. The system was limited by the first 
resonance of the vibrator itself at ~OOO Hertz but this 
allowed us to work up to 4,000 Hertz with linear response. 
The maximum power output of the amplifier produced a vector 
force of 140 kilograms at the vibrator table; i.e, with a 
load of L kilograms (including the vibrating table mass) a 
140 maximum acceleration of times that of gravity was 
L 
possible, 
After installation of the new vibrator (described fully 
in Chapter 4) it was possible to extend our photographic 
experiments to look at material circulation in a vibrated bed" 
Fig.7, The materials used were glass beads and later sand of 
approximately the same sieve size, Alyanak 1 and Barkan 8 
have observed a circulatory motion away from the source of 
vibration which we hoped to observe using alternate layers of 
black and white beads, Fig,8, A flow of material down the 
walls soon masked the behaviour of the black and white layers 
so a second experiment was set up using a vertical core of 
16 
black beads in a bed of white ones. For the black core to 
appear flowing down the sides of the box a flow up the centr~ 
away from the vibration source must be present. Following the 
circulation experiments the container was filled with sand 
and subjected to the same vibration, Fig.9. 
1.2 Discussion of results 
The dependence of packed porosity on the acceleration 
I 2 S 8 
of vibration reported by Youd and Barkan was verified 
with the exception of the chalk sample Fig.2. At the highest 
amplitude in this case the circulation caused during the 
vibration entrained air which could not percolate during the 
ob to (Y ° 122) Vl ra lon cycle oshlda and Ko.usaka . Each of the other 
materials would exhibit a similar rise in porosity as the 
acceleration increases. The difference in porosity of the 
chalk sample between accelerations of 8 and 109 is 
significant considering the range of standard deviations in 
Table 4. 
The rate of compaction experiments Fig.3 suggest that 
the shorter compact ion times quoted in the literature 
are accurate although a higher vibrational acceleration will 
cause faster. compacting. The difference between the curves is 
not significant at the minimum porosity according to data in 
Table 4. 
The effect of a surface load is not clear from our 
experiments, The difference in final porosities is not 
significant since the extreme values are not for the lowest 
17 
and highest surface load. Literature which records an 
advantage of surface load 16 10 II & 12 reports loads above 
the range we investigated but porosities not less than ,3 can 
be attained with natural size ranges of sand without crushing 
the particles. 
The high speed photographic experiments yielded motion 
film, stills from which are shown in Figs.5,6,8 & 9, The 
vertical monolayer of dry glass spheres is shown before 
vibration, Fig.5a and after 2.110 seconds of vibration of 
50 Hertz and with a maximum acceleration 8 times that of 
gravity Fig.5b. It can b~ seen that the porosity of the 
vibrated layer is lower than the original state and that the 
layer is more ordered after vibration. 
The sequence of six photographs during motion are ,005 
seconds apart, Fig.5b-5g, and show the effect of a ring of 
six spheres transmitting higher force than between most other 
particles, This higher force occurs on impact and is due to 
the ring being constrained laterally and bridging a region of 
high porosity (shown + + Fig.5b), The ring is also at the 
apex of a triangle of hexagonally packed spheres which will 
not rearrange during the cycle thus quickly transmitting the 
effect of the high force through the bed. The result is that 
the triangle of regularly packed particles moves downwards 
relative to the container and the particles above move 
upwards, A zone of high porosity results around the ring 
which upon collapsing during the next vibration cycle caused 
lesser impacts which could be seen in later frames of the 
(a) before vibration 
~~~~ 
. o"'~" ~- ~~ .~~ 0 "'r!J0 c 
:-0:; ~2 Cl-~ ~o 
~ ... • 1-t.~ p~ 
• 
~ )' 
~ ~ b l ~S' ~ , 
(c) after 2.115 seconds 
I 
~ 
~. ( 
I 
~ 
Cb) after 2.110 seconds 
vibration 
(d) after 2.120 second~ 
Figure 5 A dry, vertical monolayer of gla~s spheres. 
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(g) after 2.135 seconds 
Figure 5 (cont.) A dry vertical monolayer of glass 
spheres. 
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film, 
For the triangle of regular particles to move downwards 
shear must take place at its boundary. This is visible in 
Fig.5c along with the expansion to allow slide over the 
bounding layers termed dilation, During the four seconds of 
vibration that was filmed this effect occured three times 
with subsequent minor impacts,In a three dimensional bed of 
spheres being vibrated the triangle of regularly packed 
particles which moves relatively downwards would be a cone, 
High forces would be generated at abnormalities in the 
packing, occuring more frequently the more regular the system, 
This would limit the porosity and not allow a final ordered 
packing to be achieved. Ai system of spheres manufactured to 
high tolerance reduces this effect as has been observed by 
I 08 
other workers • Similar disturbances can be imagined in a 
three dimensional bed of irregular particles but in that case 
many minor disturbances would occur, The effect would cause a 
more turbulent bed than for spheres; compare Figs,8b to g of 
spheres and Fig,9b to g of similarly sized sand subjected to 
the same vibrational energy, 
Film of the monolayer immersed in air free water showed 
a more damped system when subjected to the same vibrational 
acceleration, Areas of regular packing were visible earlier, 
only six cycles from the start of vibration, The water acts 
as a 'lubricant at the contacts ,and delays the approach of two 
particles as the fluid flows from the voids, 
After the water had been drained from the container the 
(a) before vibration 
(c) after 1.915 seconds 
(b) after 1.910 seconds 
vibration 
(d) after 1.920 seconds 
Figure 6 A vertical monolayer of glass spheres bounded 
by pendular moisture. 
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(e) after 1.925 seconds (f) after 1.930 seconds 
(g) after 1.935 seconds 
Figure 6 (cont.) A vertical monolayer of glass spheres 
bounded by pendular moisture. 
22 
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-
Fig.7. Plan of the 'Derritron' vibrator,the sample box, 
the 'Fastax' high speed camera and the oscilloscope. 
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spheres were connected by water meniscii known as pendular 
moistur:~ The bed was again subjected to the same vibrational 
acceleration but no particle rearrangement was visible; the 
moisture firmly holding the spheres in place, The only motion 
visible, but not detectable in the photographs shown in Fig,~ 
was two separate particles held by meniscii equally spaced 
above and below the sphere, The vibration caused the spheres 
to oscillate as if suspended elastically, No meniscii from 
these particles to either face of the container was evident, 
Meniscii from other spheres to the container would 
undoubtably hold the bed in place but such bonding would not 
be as strong as if to adjacent layers of spheres, 
The photographic investigation of bulk circulation gave 
Fig,8b to f of glass spheres vibrated at 30 Hertz and 17g. as 
the clearest evidence, The flow of material down the walls of 
the vessel is affected by the friction between the walls and 
the spheres,since flow down the corners of the container was 
fastest, but it was felt that this was not the only cause, 
Scant evidence suggested that the vibration cycle propagated 
most strongly up the centre of the vessel thus exhibiting 
higher amplitude there. Since recovery of the bed before the 
next cycle is due to gravity. alone and recovery time is 
nearly constant across a horizontal section of the bed the 
central spheres will not fall the same distance as they were 
projected, The net result .would be a flow upwards at the 
centre of vibration, Clear evidence of this phenomena has 
been demonstrated only recently by Takahashi,Suzuki and 
25 
(a) before vibration (b) during vibration 
(c) during vibration (d) during vibration 
·Figure 8 Glass beads vibrated at 30 Hertz and l7g. 
(e) during vibration (f) during vibration 
Figure 8 (cont.) Glass beads vibrated at 30 Hertz and 
l7g. 
26 
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Tanak~07. Their figure four of a 'Vee' shaped container shows 
flow downward towards the apex of the 'Vee' and upwards from 
the sides where most of the contained material receives the 
oscillating force. Friction between the particles and wall of 
the type we observed cannot be present in Tanaka's experiment, 
Vibration of a bed of sand yielded Figs,9b to g, 
Vibration conditions were identical to those of the layered 
glass bead experiment, however conditions in the bed were 
markedly different, From the beginning of vibration, 
circulation was very turbulent and erratic, The maximum 
acceleration was l7g, causing a cavity at the bottom of the 
bed 8 millimetres high, This cavity had to fill and empty 
with air on each cycle thus causing an appreciable flow of 
air through the bed, Air flow and local high stress caused 
the turbulence, The holes formed in the bed of sand are of 
great interest, They were stable through the vibration cycle 
and stationary as long as the vibration was applied. Granular 
material was seen to fall through the holes suggesting an 
upward flow elsewhere, The overall appearance of the hole was 
like a bubble in a fluidised bed. A recent paper by Yoshida 
! 2 :c. 
and Kousaka points out the importance of air circulation in 
a vibrated bed and expresses equations which equate air 
velocity with minimum fluidisation velocity, This of course 
would only apply for part of the cycle but the air may not be 
able to flow through the bed in the cycle time, 
A point of interest is that the holes only occur in the 
28 
(a) before vibration (b) during vibration 
(c) during vibration (d) during vibration 
Figure 9 Sand" vibrated at 30 Hertz and 17g. 
29 
(e) during vibration (f) during vibration 
(g) during vibration 
Figure 9 (cont.) Sand vibrated at 30 Hertz and 17g. 
30 
corner of the vessel. The edges of the container were not gas 
tight and it is possible that the hole contains air drawn in 
to replace that forced out of the container from the cavity 
between the bed and the vessel base. The air drawn in is 
trapped there unable to flow away. 
The particle turbulence around the holes is high. It 
appears as though further. investigation may lead to a 
technique of contacting fluid and particles without the fluid 
flow rate being subjected to the demands of fluidisation, 
1.3 conclusions 
I. The final porosity of a vibrated powder depends on 
the acceleration of vibration. 
2, The majority of the packing due to vibration occurs 
within ten seconds of vibration at an acceleration of 8,35 
times that of gravity and 50 Hertz, 
3. Surface load does not significantly affect the rate 
of compaction in the "range investigated. 
4. Areas of high stress in the granular material cause 
turbulence and temporary uncompaction. 
5. Shear occurs in the bed. 
6. Immersion in fluid damps the particle motion 
7. Pendula moisture strongly bonds glass spheres and 
inhibits interparticle movement. 
8. A bulk flow of granular material occurs during 
vibration at a peak acceleration of 17g. 
9. The vibration of an irregular material causes more 
31 
turbulence than the vibration of spheres at the same energy 
inputo 
1,4 The effect of these experiments on the major 
experimental worko 
The preliminary experimental work allowed observation 
of bulk phenomena and also suggested possible particle 
behaviour, It became apparent during the experiments that all 
effects were in some way due to the mechanism of force 
transmission through the bed, It was decided that the major 
experiments would investigate force transmission, 
A problem being faced by industry during vibratory 
powder moulding suggested the approach our experiments would 
take, Zones of lower and higher porosity could.be found in 
the compact which would cause areas of weakness in the 
finished product; It was thought that these could be caused 
by zones of vibrational inactivity due to the interaction of 
the primary wave from the source of vibration and a reflected 
wave from inside the mould, A divergence of the effect o~ an 
applied force was suspected since it would be unreasonable to 
assume that only an area projected from the input in the 
direction of the force was affected, The divergence possibly 
subjected some parts of the granular material to higher 
forces than others. this would also be investigated, 
In planning the experiments the form of the force 
propagation appeared complex, and to study the phenomena with 
an oscillating force would entail attempting to sort the 
32 
summation of primary waves from reflections, It was decided 
to investigate propagation by applying a pulsed force to the 
bed of granular material, 
33 . 
CHAPTER TWO 
THE LITERATURE SURVEY 
2,1 Introduction to the survey 
The intention of this survey is to discuss all aspects 
of the stresses in granular material due to applied vibration. 
The first section will consider the variables an engineer has 
at his disposal and the different effects in a granular 
system caused by vibration, The stresses due to vibration 
produce all the effects but a.detailed knowledge of these is 
not necessary to cause compaction, bulk circulation, etc" 
The second section will consider the physical state of 
material one could wish to vibrate and the physical laws 
governing the arrangement of the particles in a static state. 
Also considered will be the way they behave during 
disturbance, Then the approach by means of vibration to these 
theoretical physical states will be discussed. 
The history of understanding the local stresses within 
a granular material will be followed via sections entitled, 
'Mechanics of granular material' and 'Phenomena of 
propagation of stress', Within these titles, observations and 
theories of explanations will be discussed critically whilst 
the important points relevant to the Thesis will be 
emphasiied. 
Since the approach we make to understanding the 
distribution of stress'es within a bed of material draws on 
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statistical theory and a new form of particle size 
measurement, the histories of relevant aspects of these will 
be described in sections entitled, 'Statistical models' and 
'Particle characterisation'. 
Conclusions from the literature are discussed in a 
final section. 
2.2 The effect of-vibration on a granular material. 
A simple vibration apparatus was described by Westman 
and Hugill l13 in their paper on the packing of particles in 
1930, the first recorded data known to the author of the use 
of vibration. Commercial vibrators were available at that 
time but little published data is available. Scientific 
interest was increased in the early nineteen fifties when the 
peaceful utilisation of atomic energy was being studied. 
Vibration was used to compact nuclear fuel into cylindrical 
containers for reactor feed and consequently empirical data 
became available l2 • CA bibliography by Jones 67 lists 
references relevant to nuclear work up to 1967). 
Bell, who was amongst the first researchers, produced 
much data which appeared in publications on the subject of 
ceramics 10 11 He pointed out that little basic research had 
been done. His work was empirical. He-concluded that 
particles vibrated with slight restraint sought the closest 
packing, the smaller fitting between the larger particles. In 
a powder of uniform size but different shape, orientation 
produced closer packing. Lubricants to reduce contact 
friction were used but may have produced undesired effects 
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in subsequent processing, The variables of the system 
according to Bell included inertia and resonance, and the 
interparticle friction which he said affected the cohesion of 
the particles. (In the light of recent work it would be more 
correct to consider friction at a contact and cohesion quite 
separate). The particle size distribution was another 
variable. He achieved more dense compacts when there was the 
correct proportion of fines to fill the voids of the larger 
particles. Vibratory compaction wears the dies and lowers 
size segregation compared with pressure techniques. 
The references of his later work included many 
similarly empirical papers using pneumatic vibrators acting 
on both bottom and top surfaces of the compacting material, 
The materials investigated include:- Alumina,Alumina-Chromium 
'Cermet', Titanium carbide-Nickel 'Cermet', Uranium oxide etc, 
but little basic information for general application, 
Likhtman et. al. 76 summerised Russian work before 1960 
apparently conducted in a similarly empirical way as in 
America. He stated that 10 seconds was a long enough 
vibration time for low porosity and that 100th of the static 
pressing pressures are required. A more uniform product 
exhibiting no stress cracks was formed by vibration, 
The frequency of vibration in experiments before 1960 
ranged from 10 Hertz to 30 Kilohertz although with most 
success in the lower sonic frequencies. The ultrasonic 
experimentation 1 11 was an attempt to utilise a technique 
which had been applied to many processes ranging from mist 
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agglomeration to detecting cracks in metals, Webb ll3 used 20 
-.48 Hertz to pack a three component system and reported that 
a little water or alcohol (2 - 5%) increased the packing rate 
and stopped the finer material passing right through the 
coarse matrix, Hauth 49 conducted experiments in the same 
vibration range but obtained similar results to Webb only 
when the container was vibrated as it was filled, 
An important factor reported in all these papers is the 
use of a load on the surface of the granular material, Bell 
suggested slight constraint but the other workers produced 
conflicting results, More recent research has indicated a 
detrimental effect on high surface load, However in 1964 
Brackpool and Phelps l6 produced their lowest porosity with a 
surface load of 1470 pounds per square inch, .which they 
applied only after unloadedcompaction was. completed, Their 
work was with spherical copper powder, produced commercially 
as a raw material for sintering, They concluded that lowest 
porosity resulted from a two part process; firstly by 
impacting. when the surface load was less than the vibrator 
force. and then by densification when a high surface load 
deformed the particles, The latter part was only effective on 
ductile materials, Their experiments on the ceramic alumina 
suggested no lower density after. initial impaction was 
complete, A test on fine (5 ~) tungsten powder did not 
compact under any conditions, Increasing surface load 
increased the density of product at low frequencies (100 
Hertz) > .vice versa at higher frequencies (300 Hertz), 
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At the same time Evans and Millman 36 had conducted 
their research on bronze powder, litharge, alumina and 
Bakelite with an electromagnetic vibrator amplified by a 
resonant beam, They quoted an equation of power consumption 
in vibrating granular systems:-
W = K m a 2 v 3 
where W is the power consumption, K is a constant, m is the 
seismic mass, a is the amplitude and v the frequency. 
Once again the first few seconds caused the majority of 
settlement. The most effective frequency for packing was 
investigated and two peaks with each material were found 
which were thought to be resonances. The best compacts from 
experiments of frequency variation were obtained by cycling 
the frequency around a resonance as had been reported by 
Hauth 49 , The authors concluded that particle size is the most 
important factor in producing low porosity compacts but point 
out that the best blends of size distribution for one 
material are not necessarily the best for others. The 
hardness of the material compacted had no significant effect· 
on its behaviour,· 
Selig 97 experimented with sand on an electromagnetic 
vibrator and produced contours of final product density on 
axes of maximum acceleration and frequency. Whilst the 
separate effect of amplitude and frequency had been 
previously reported the presentation technique Fig. 10 allows 
easy determination of the optimum conditions with a 
controlling parameter. 
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Ivashchenko et. al,63 6~ worked on the formation of 
metalloceramic (cermet) filter elements used in engineering. 
Their powders were spherical and showed a dependency of rate 
of packing on the frequency, which suggested the number of 
cycles experienced by the material is a parameter, The 
process, investigated with two components, entailed 
percolating the finer fraction through a coarse matrix, a 
common pratice. However in their case they were able to 
produce a uniform packing or a specific porosity, varying 
along the height of the material; an important factor in 
filter design. They also observed that accelerations of 
vibration above that which gave the required density, 
disrupted the upper layers of coarse material which upset the 
filtering of the fines, 
Krol1 72 reported a bulk circulation in a vibrated bed 
of granules in a paper which discussed qualitatively the 
compression and expansion during vibration, Alyanak 1 
similarly observed this and produced photographs of the 
motion of traced sand in a cylindrical container, However the 
motion he deduced from the photographs is not what is usually 
observed, The rings of tracer, the visible edge of trace 
layers, normally descend the wall parallel to each other, 
demonstrating circulation in a uniformly vibrated vessel only 
by the fact they descend. The clamping technique in Alyanak's 
experiment gave only two points of connection to the vibrator 
effectively producing two vibration sources. Hence the 
distorted traces show fastest descent at a position displaced 
90 0 horizontally from the two clamping positions, Alyanak 
explained circulation by wall friction, 
Takahashi et" al,ID? attempted correlation of the 
circulation effect, They reported that circulation could 
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only occur when the maximum acceleration of vibration exceeded 
that of gravity (also reported by Alyanak) i,e, a finite 
relative amplitude between the vessel and some of the 
particles exsisted, Takahashi's experiments were with a model 
hopper with the two inclined sides acting as independent 
vibration sources, The circulation they observed was upwards 
from the vibration sources and consequential downward flow in 
the area of least vibration, They also presented data of the 
variation of particle velocity along the length of each 
vibration source Fig, 11 expressed as height in the vessel, 
It is of interest that the point on the vibration source 
producing the highest particle velocity is also the point of 
connection of the stand inducing the vibration in the source, 
However Takahashi's results show a circulation without a wall 
friction of the kind Alyanak used to explain the behaviour, 
We now have two threads of evidence that a propagation 
phenomena is involved i,e, that a line in the direction of 
the vibratory displacement throughout the centre of the 
vibration source experiences a relative upward motion during 
each cycle of vibration, The preliminary experiments 
conducted in this work showed a flow up the centre of a 
container, the base of which experiences uniform vibratory 
displacement, In that case the flow was uniform about a 
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vertical axis, 
The work of Takahashi was directed towards the 
understanding of flow through slits at the bottom of a hopper 
when induced by vibration, His co-author Suzuki 10S continued 
the work on hopper flow, In obtaining data to verify a theory 
he showed that the rate of discharge increased as the 
acceleration of a base plate increased, through a hole in 
which the material was flowingoSuzuki concluded that if a 
slit was blocked under the effect of gravity, a vibration 
with an acceleration greater than that of gravity would make 
it possible for particles to flow out, The application of 
vibration to the blocked hopper must be useful, This 
statement may be a little misleading since a vibration 
causing flow at the outlet could compact the bulk of material 
not at that time involved in the flow at the outlet, 
The effect of air flow through an enclosed granular 
system during vibration was discussed by Yoshida1 22 , When the 
bed was vibrated at an acceleration greater than that of 
gravity,a cavity between the vessel base and the material can 
be formed as the bed and container separate, A rarefaction 
and compression took place in an air filled system which 
induced the flow of air through the granular system, When the 
cavity was compressed at a rate such that the air velocity 
through the granular material exceeded the minimum 
fluidisation velocity the bed could no longer be impacted and 
began to expand from the minimum porosity state. They 
concluded that even before the minimum fluidisation velocity 
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the drag of air on the particles had a significant effect in 
counteracting the compaction effect of the vibration. 
Segregation of different sized fractions of particles 
had been mentioned by Brackpool and Phelps, They concluded 
that mixtures of powders of widely differing densities and 
size showed little or no segregation after vibratory 
compaction, Segregation on a vibrating plane was the major 
topic of research by Williams and Shields l19 • They thought 
the mechanism of segregation was twofold, that the fines 
filtered through the coarse material and the large particles 
had more inertia during the vibration cycle and could move 
relative to the fines. They experimented on fertiliser 
granules. separating the upper and lower layers from material 
flowing down a vibrating plate inclined at 11 degrees. The 
segregation caused was worse when the vibration was directed 
at between 25 and 30 degrees to the horizontal. It was not 
uniquely controlled by the acceleration either vertically or 
in the direction of vibration. 
Lawrence and Beddow74 also studied segregation, Their 
work was concerned with filling dies with lead particles of 
different sizes. They presented data of the zones of 
different particle behaviour during vibration, in order of 
increasing acceleration, Stability, Churning and Bouncing, 
When their fine particles were poured into the matrix of 
coarse particles a cone of fines formed within the coarse 
grains, This was levelled when vibration was applied, thus 
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evening the radial distribution of fine to coarse, 
Segregation was low during the stable period .. (packing). high 
when the bed was churning and low when the bed was bouncing, 
They concluded that the fines tended to filter through the 
coarse during vibration, 
Civil engineers have long been interested in the 
vibration of soil, Converse 26 2S studied the vibration of 
unbounded sands in 1952, He used a compactor to vibrate a 
sandy beach at its resonant frequency and measured the 
behaviour of the sand mass for different vibration conditions, 
He presented a theory for the unbounded system assuming that 
a truncated cone of sand with the vibrator at the apex was 
affected, A spring modulus for the cone was estimated which 
he defined as the reaction of the sand per unit displacement 
of the vibrator, The mass of the cone was estimated and also 
the reaction of the surrounding soil in a horizontal plane, 
His experiments showed it to be an accurate model, however 
inertia of the sand mass must be included, The angle of the 
cone he used in the model cannot be separated from the theory, 
The shear strength of a granular material is affected 
by vibration, Mogami and Kubo 9o vibrated various soils in a 
direction normal to the shear plane, The soil was constrained 
by static load on the surface and data of shear force against 
acceleration of vibration was produced for different surface 
loads, Their results showed that the shear strength was 
45 
markedly reduced with increasing vibrational acceleration. An 
acceleration twice that of gravity reduced the shear strength 
with each normal load to that value for an unloaded static 
test at the same depth. Kutzner 73 carried out similar tests on 
glass beads. 
Alyanak 1 calculated the shear strength by considering 
the intergranular pressure. He concluded that that alone 
caused the reduction of strength. 
Barkan 8 conducted experiments with vibration in the 
direction of shear on sand. Shear strength varied linearly 
with normal load both in the dynamic case and the static case. 
Moist sand exhibited a lesser reduction in shear strength 
during vibration due to cohesion between the granules. The 
expansion of the bed due to shear for materials denser than 
the critical porosity (see section 2.3) was less when the 
material was vibrated. As the load on the surface was 
increased, the change in porosity due to shear decreased. 
The Phd. thesis of YOUd l23 provided the most 
comprehensive explanation of shear strength and porosity 
variation due to vibration yet produced. The work of Roscoe 
was used as an example of the behaviour of granular material 
during static shear and in the critical porosity state. In a 
vibrated bed which was subjected to shear a critical porosity 
existed. Youd suggested and showed experimentally that the 
.. 
'equilibrium porosity'* (maximum porosity attainable at fixed 
* See note at the foot of the following page. 
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vibrational acceleration) was the cr~tical porosity for shear 
occuring during vibration. 
* The'equilibrium porosity' curve was of the type 
obtained in the preliminary experimental work Fig. 2 and by 
Barkan 8 , and represents the conditions that would be observed 
for the compaction process and for shear during vibration. To 
compact a material· at initial porosity £ 0 the vibrational 
acceleration must be that on the curve corresponding to EO 
before compaction would occur. The fact that a compact ion of 
a granular material would not begin until a certain 
acceleration was achieved has been reported by most workers 
oncompaation. It has been commonly termed 'the threshold of 
compaction'. The oply state of porosity of the material which 
would not exhibit a threshold of compaction was at point 0, 
the loosest possible stable state of the material, any 
disturbance causing a compaction. 
Thus from an experimental determination of the 
relationship between porosity and vibrational acceleration 
for the material, and a shear box test at no normal load, the 
behaviour of a granular material of any initial porosity can 
be predicted during the compaction process and during shear. 
* The term porosity has been substituted for the more 
common civil engineering term of 'voids ratio'. The relation 
• £ h . between the two is : voids rat~o = --- , were £ ~s the 
1-£ 
porosity. Porosity is the percentage voids in the bed of 
granular material. 
In conclusion, the parameters which increased the 
packed density were:~ 
(a) Vibration whilst filling 
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(b) A slight surface load such that the surface force 
was less than the peak vibrator force. 
(c) A proportion of fine to coarse grains such that 
the fines filled the voids of the coarse. 
(d) A lubricant (water or alcohol 2-5% by weight) 
reduced contact friction. 
(el Ten seconds vibration caused the majority of 
packing. 
(f) Forty to two hundred Hertz the most effective 
frequency range. 
(g) Cycling the frequency around the resonant 
frequency. 
Other technically important effects of vibration which 
were reported-were:-
(h) Bulk circulation occurs when the vibrational 
acceleration is in excess of-that of gravity. 
(i) Flow from a hopper can b~,initiatedwhen the 
vibrational acceleration is in excess of that of gravity. 
(j) Particle size segregation is low when the 
acceleration is below that of gravity but increases with 
increasing acceleration, 
(k) Vibration both in axial and normal directions 
reduces shear strength. 
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2.3 The physical state .ofagranularmass, 
Kolbuszewski 69 studied the fundamental factors 
controlling the loose packing of sand. He attempted to 
predict the porosity of sand depending on the way it was 
deposited. His experiments entailed varying the intensity of 
deposition and measuring the profile of particle intensity 
normal to the direction of fall. A dependence of packed 
porosity on the intensity of deposition was found but similar 
experiments conducted underwater did not fit the data, A 
velocity of fall effect was suspected and verified by 
experiments in water, ether, and air. 
The conclusions were that a low velocity of fall 
produced a high porosity,and a h~gh velocity of fall produced 
a low porosity at a low intensity of deposition. Increasing 
the intensity of. deposition increased the porosity at a fixed 
velocity of fall until the intensity was that of a falling 
mass of sand. Then the porosity produced was that minimum 
determined by the tilting test. High intensity of deposition 
locked the grains before they could achieve their stable 
position. High velocity of deposition provided enough energy 
for rearrangement to take place. 
McCrae and Gray 81 developed the work of Kolbusewski and 
included the effect of material properties, Their experiments 
were with steel, phosphor bronze, and lead spheres and two 
types of glass spheres. They looked closely at the packing 
zone, where the descending particles rearranged and formed 
the packed bed. Four regions were observed, in order as : 
height increased; (a) The packed bed, (b) the region of bed 
with bulk flow, (c) a region of individual particle movement, 
and (d) the region of falling and rebounding spheres. 
Observation showed that densest packing occured when region 
(b) was most active. (The activity of (b) is affected by the 
kinetic energy of the falling particles, the resilience 
(fraction of energy transferred on impact) and the rigidity 
of the stable bed. The zone will be at the critical porosity,) 
Their conclusions were that to produce an ordered packing the 
energy of each falling particle must be above a critical 
level and intensity of deposition below another critical 
level. The dependence of packing performance on the 
resilience of the particles falling onto the surface of the 
packing is shown in Fig. 12. 
A tabular form of the effect of variables on the 
packing of particles due to McCrae and Gray is extended to 
include more recent work and shown as Table 5. 
Conditions which produce an ordered packing with 
spheres are likely to be those which produce the densest 
packing with irregular particles but not the same porosity. 
The work of McCrae and Gray and that of YOUd 123 suggests that 
energy levels of individual particles are important. The 
regular packings produced by McCrae and Gray are of low 
potential energy since consecutive layers nest into the 
previous layers. With a material of irregular granules one 
can envisage a similar nesting when an upper particle 
re orientates until its centre of gravity is as low as 
possible. This will occur when it is in the space between 
lower particles. A dense packing would result. 
20 
. 
bO j:! 
:Q 16 
tl 
cd 
0. 
j:! 
-rl 
..., 12 
.: 
Cl 
S 
Cl 
>-
0 
~8 
.~ 
..., 
.: 
Cl 04 
H 
Cl 
14 
0 
0 0.2 0.4 0.6 0.8 1.0 
Coefficient of restitution. 
Fig. 12 The effect of resilience of falling particles on 
the porosity of the bed they produce. 
50 
The study of particle packing was intense around 1930. 
Smith, Foote and Busang 102 studied the actual packing of shot. 
They observed that for certain statistical purposes the 
arrapgement could be .treated as a mixture of close hexagonal 
EXPERIMENTAL THEORETICAL 
Evidence Ref. No. Evidence Refo No, 
LParticle 
Shape Some 21,a,c. Some 21,c. 
Absolute size 38,115. Slight co Slight 
Size Some 2,c,38. Some c,38,116. 
distribution 
Mass None Slight 42. 
Surface None Slight c. 
friction 
Elasticity None Slight 42. 
2.Container 
Shape Slight b,42. Slight 42. 
Size Some 18,21,e. Slight 42,g. 
Surface None None 
friction 
Elasticity None None 
3.Mode of 
deposition 
Intensity Some 69. Slight 42. 
Method Slight 69. Slight 42. 
4.Energy input 
to the mass 
During Some a, 69. Slight 42. 
deposition 
After Some d, f. Slight d ,fo 
deposition 
a,Coulson 1949; b,Denton 1957; c,Fraser 1935; d,McCrae, 
Finlayson and Gray 1957; e,Rose 1945; f,Stewart 1951; 
g,Verman and Banerjee 1946. 
Note numbered references refer to bibliography. 
Table 5 Evidence in the literature concerning variables 
considered to be important in the packing of particles. 
(after McCrae and Gray) 
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and simple cubic pilings required to yield the observed 
porosity. One such purpose for the assumption was to estimate 
the average number of contacts per sphere which agreedwiththe 
experiment. The distribution function of numbers of spheres 
having a certain co-ordination number was also included which 
showed the distribution to be Gaussian for the high~r 
porosities. 
Westman and Hugill l15 compacted many materials of 
different size and particle shape. They observed that single 
sized spheres packed to the same porosity and that a'round 
sand was limited to a higher porosity the more fine the 
sample. A calculation of porosity of spheres showed that the 
packed porosity of 39.5% can be predicted if the packing is 
hexagonal in one plane and cubic in the other. McGeary showed 
that vertical force tended to compact the vertical plane 
producing hexagonal packing whilst cubic packing 
predominated in the horizontal plane. Westman and Hugill 
observed a minimum porosity with a binary system of two sizes 
of particles and both tertiary and quaternary mixtures 
produced a minimum. 
Furnas 38 39 was interested in the flow of gases 
through broken solids and produced mathematical relations for 
a system of minimum porosity. Experimentally he showed this 
to be accurate down to a size difference of5 to 1. The 
relationship of ,volumes occupied by consecutive sizes was:-
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where E is the porosity. 
Anderegg 2 presented the paper rollowing that by 
Furnas3~ having worked in co-operation with him •. Anderegg 
applied the mathematical relations to cement products and 
concrete. Experiments showed that the relations developed by 
Furnas gave good results. On one or two occasions the 
aggregate· mixture proposed was hard to mix. However the 
density results obtained were such that techniques were 
developed to handle the aggregate. 
Graton and Fraser~2 extensively discussed the packing 
or spheres, being convinced that an understanding would 
answer the problems or packing or irregular particles. They 
discussed observable physical phenomena and their ideas or 
probable arrangements or spheres and rrequency of 
arrangements. An important observation was that a perfect 
packing could only be achieved if the container had exactly 
the right side length and corner angles. They also observed 
that zones of hexagonal packing occured within initially 
randomly packed bed of spheres. During the work for this 
thesis observation of packing. of spheres in two dimensional 
beds show areas of hexagonal packing. 
The porosity of regular packings or spheres were 
calculated by White andWalton l16 ; Cubic packing 47.64%, 
Single stagger (orthorhombic) 39.55%, Double stagger 
(tetragonal) 30.20%, Pyramidal 25.95% and Tetrahedal 25.95%. 
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Secondary, tertiary, quaternary and qui nary spheres, each 
fitting the voids of the larger spheres, could be arranged to 
a porosity of 14.9%. A very firte filler could then be 
included to reduce it to 3.9%. Eliptical particles produced 
no less porosity but a marked reduction was calculated with 
cylinders. The authors discussed methods of producing 
cylindrical particles with ceramic materials. In trying to 
approach the calculated porosity with flint and clay in the 
correct proportions a porosity of 33% was produced. 3.9% was 
calculated. 
Carman 21 discussed the porosities of regularly packed 
spheres and reproduced data of porosity for packings of 
co-ordination number (number of contacts per sphere) from 
3 to 12. In a dense random packing of spheres the porosity 
was 38.5%; Smith, Foote and Busang produced co-ordination 
number against porosity curves for random packings of spheres 
which for the higher porosities were normal distributions. At 
lower porosities this was not so, probably because the shape 
of the spheres introduce a regular effect which overides the 
random effects. Carman pointed out that the size of spheres 
affects packed porosity only below,.l millimetre. Surface 
area has an effect on the packing below this range. 
Brown and Hawksley 18 stated that the study of regularly 
packed spherical systems was not likely to help in the study 
of irregular particle packing. Their reasons were that equal 
spheres poured into a box take up a disordered arrangement 
with a porosity of between .45 and .37 and irregular 
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particles pack in an entirely different manner, Although the 
packing is disordered, the frequency distribution of number 
of contacts per particle is different; compare the results 
with spheres of Smith, Foote and Busang with those of Bennett 
and Brown l3 from irregular starch particles, 
Brown and Hawksley suggested there were two opposing 
effects in the packing of irregular particles, Spiers quoted 
porosities of ,45 for 1 inch coal to ,54 for ,0625 inch coal 
while the authors obtained ,43 for 1 inch coal to .47 for 
.125 inch coal by experiment in a 10 inch cube. They say that 
these two effects may cancel each other in certain cases 
suggesting a linear relationship by experiment. Dilatancy 
discovered by Reynolds 93 and investigated by Jenkin 6s , among 
others, not only accounted for non-uniformity in the 
transmission of force in a granular material but also non-
uniformity in the distribution of-local porosity, Variation 
in local porosity was, in practice, likely to be more 
significant than the overall porosity, For these reasons the 
study of the geometry of ordered arrangements of spheres was 
of little assistance. 
Hudson s4 ss investigated the interstices between 
spheres. He found that those of cubic and hexagonal close 
packing are the same shape but of different distributions. 
The void was bounded by four or six convex surfaces which 
were connected by a labyrinth through which balls exceeding 
«2//3)-1) times the radius of the spheres could not pass. 
The increment of porosity reduction caused by introducing a 
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further sized sphere into the voids of the previous was 
reported. He showed that only a few spheres in the wrong 
place could disrupt the whole system. 
The wall effect on a packing of particles was discussed 
by several workers 42 81 Scott 96 allowed for container edge 
effects on a packing of equal spheres in a spherical 
container by assuming the effect is a function of surface to 
volume ratio, or the reciprocal of the radius of the spheres. 
The radius is a linear function of N- 1/3 (where N is the 
number of balls contained.) He plotted the packing density 
(one minus the porosity) against N- 1/3 and obtained a 
straight line. Extrapolation to N- 1/3 tending to zero gives 
a value of packing density for an infinite number of spheres. 
A similar plot was suggested for spheres in a cylindrical 
container. 
McCrae and Gray found that wall effect extended through 
two particles. However when the zone,in which the packing of 
the bed was formed, was very turbulent, the wall effect 
extended through five particles. 
A mathematical approach to·the porosity of different 
states or packing has. been made by S~pnickl04i He considered 
spheres in a cylinder such that two adjacent spheres can jam 
across the diameter, a state he refers to as incompressible. 
The prediction of the order of sphere diameters for the 
loosest and densest incompressible packings is of little 
relevance to packing in bulk. However a development of the 
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theory to packing in a matrix of other spheres may prove 
useful, 
Wise 120 considered a dense random packing of unequal 
spheres and made extensive use of statistical theory, Dense 
random packing was defined in a new way, A density function w 
of. tetrahedra with apexes at the centres of four spheres such 
that each sphere touches the three others was described, Thus 
w is defined by four radii. Boundary effects were ignored and 
general equations for w were deduced, A specific application 
of development of the theory for w being a log normal 
distribution was developed to predict physical properties of a 
real heap of spheres, 
Hogendijk 52 extended Wise's work by considering a log-
normal distribution of 1.2.3.4 and 5 different sizes of 
spheres. The radius distribution of· the largest possible 
interstitial sphere was calculated and the inclusion of these 
interstitial spheres had a calculated effect on the density, 
The fact that this theory concerned tetrahedra of centres of 
spheres mutually in contact restricted the application of the 
work to the real case, However an estimate of the number of 
tetrahedra with one. side between spheres not in contact could 
be made, which would extend the utility of the theory, 
A similar approach to the geometry of centres was made 
by Kallstenius and Bergau 68 , They considered the tetrahedra 
between sphere centres but did not restrict it to spheres in 
mutual contact. Experiments were conducted. to measure the 
distribution of the tetrahedra in a cylinder of spheres, The 
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bed investigated was formed in a cylinder with a flat base by 
free fall, It was found that the heights of tetrahedra were 
not consistant with isotropy, They concluded that examining 
granular matter by statistical analysis and experiment was a 
useful attempt to understand the behaviour of granular 
materials, 
Bvorslev 59 had described a continuous function of 
, 
criterion of failure for a. soil, His tests had shown a good 
agreement with:-
where J is the shear stress, a is the normal stress, e is the 
voids ratio and subscript f denotes the failure condition, 
~o,v and B are constants for the system, A diagram of the 
surface of failure for a cohesionless granular material shown 
in Fig, 13, Any point above the surface in the direction of 
shear stress cannot exist since the failure condition has 
been exceeded, 
Roscoe 92 extended Hvorslev's failure surface study to 
include the condition of critical porosity. Continuous shear 
failure of a granular material occured at a fixed porosity, 
the critical porosity, dependent on the normal load applied, 
The porosity at failure is termed the critical porosity, The 
critical porosity for each failure condition lay on the 
Hvorslev failure surface and represented the condition of 
continuous shear. Failure could begin anywhere on the plane 
but tended toward the critical porosity line, 
cr 
critical porosity line on 
which steady state shear 
occurs 
critical porosity 
line on zero shear 
force plane 
Change in porosity with increase 
.in shear force at constant 
normal force for a sample 
initially above the critical 
porosity 
59 
r 
Change of porosity with 
increase in shear force 
at constant normal 
force for a sample 
initially below the 
critical porosity. 
Fig.13. Hvorslev's failure surface for a cohesionless 
granular material, including the critical porosity 
line of Roscoe on the surface. 
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Packing of granular material has been described by 
means of spherical models almost without exception, The step 
from a spherical system to one of irregular particles is 
proving difficult to make, However the study of packing of 
spheres has given a qualitative idea of granula~ behaviour, 
The definition of the failure condition described 
refers to failure. in which many particles move in one 
direction relative to the stationary bulk, The failure 
surface predicted for a cohesionless soil is an example of 
such a surface, The diagram can be constructed theoretically, 
although not yet absolutely, and once found completely 
describes bulk flow failure conditions, 
2.4 The approach of experiment to theoretical conditions of 
. porosity, 
Initial experimental work considered the effect of 
variation of size distribution of the constituent grains and 
also often included a qualitative description of the shape of 
the particles. Westman and Hugil1 11S experimented with 
spheres and achieved a porosity of 37% with lead and 39,2% 
with steel. The porosity calculated for hexagonal packing in 
one plane and cubic in the other was 39,5%, Particles of 
various shapes, tending to be round showed no trend due to 
shape, but the porosities produced were close to those for 
spheres. Round, washed sand had a constant porosity of about 
38% for three monosize experiments with approximate sizes of 
2000~, 500~, and 250~. A sample ·of the same sand of size 
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about 50~ packed to 42.5%. They investigated the porosity of 
binary mixtures ofa coarse (m 4000~),medium (300 - 400~) 
and fine (75 - 100~) round washed sand and obtained minimum 
porosities in all cases at 70% of the coarser fraction, 30% 
of the finer. The minimum porosities were 18.5% for coarse -
fine, 26.7% for medium - fine and 27% for coarse - medium 
mixtures. A graph of the.porosities of mixtures of 70% coarse 
to 30% fine of various materials of different coarse to fine 
diameter ratios is shown in Fig. 14. 
Their investigation of mixtures of the three sizes of 
sand produced a minimum porosity of 15.5% at 70% of m 4000~. 
10% of 300 - 400~ and 20% of 75 - 100~. 
Carman 21 suggested that low porosities could be 
obtained if the ratio 4 to 1 was maintained between adjacent 
sizes. He 'measured a porosity of 38.5% for stackings of 
spheres of lead and glass but obtained 15% porosity for a 
three sized system. He thought that surface effects were 
dominant with particles below 30 microns in size. 
Bell 10 11 found that the best ratio of coarse to fine 
in a binary mixture was 60% coarse, 40% fine which produced a 
porosity of 15%. He used vi9ration for compaction whereas the 
previous authors had used a tapping technique. The difference 
in the techniques, according to Yoshida and Kousaka, is the 
number of cycles applied if the geometry of the systems was 
the same; Bell likely having applied far more cycles than 
either Westman and Hugill or Carman. 
Webb 59 quoted Dalla Valle as obtaining 14.6% porosity 
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mixing five sizes. However Day ton and Brown obtained only 
17% with a mixture of three of the same sizes. Hauth~9 
claimed to have achieved 5% without giving details but 
obtained 8% with a three sized mixture. 
Porosity. 
percent. 
Fig. 14 
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The porosity of 70% coarse fraction in a binary 
mixture of various materials. 
Other workers using spheres consistantly obtained a 
porosity of between 38% and 40%. Scott experimentally arrived 
at this figure but extrapolation to an infinite container 
porosity of between 36 and 38%. McGearyss measured 37,5% for 
three separate sizes of steel spheres but a slightly lower 
porosity for 30 micron tungsten and aluminium spheres, His 
63 
experiments with binary mixtures of spheres predicted 86% of 
coarse size to 14% of an infinitely fine filler for minimum 
porosity. The results he extrapolated were of the packing of 
spheres where the proportion of coarse to fine varied from 
60% to 40% for a diameter. ratio of 20:1. He also obtained a 
porosity of 4.9% with a mixture of four sizes of spheres of 
diameter ratio 316 : 7 : 1. 
s 
Ayer and Soppett agreed with the figure of 14% fines as 
the best binary mixture of spheres. Extrapolation of their 
experimental results for binary mixtures predicted a minimum 
porosity for tertiary systems of 4.9% which compares well 
with the experimental value claimed by Hauth, Ayer and Soppett 
similarly extrapolated their results with irregular particles 
and obtained 9.7% which compares with the data presented by 
Hauth. 
Brackpool andPhelps experimented primarily with copper 
powder and achieved 25% porosity with an 80% mix of ~100~ 
coarse material and 60~ fines. They also observed that the 
highest porosities were obtained with 50~ alumina, again 
suggesting the effect of surface area. 
Evans and Millman achieved 22% porosity with an 'as 
received' litharge. They also experimented with the same 
sized fractions of four different materials as a.component 
mixture. They achieved porosities of 14.1% for a spherical 
bronze, 23.8% for litharge, 25.4% for alumina and 47.,8 for 
Bakelite. 
Ivashchenko measured a minimum porosity of 17% with a 
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mixture of 72% coarse and 28% fines of spherical copper, 
A wall effect predicted statically to extend two or 
three particles into the bulk of granular material has been 
measured by several authors. Ayer andSoppett detected a 
levelling off of a packing efficiency curve at a sphere to 
container diameter ratio of twelve; that being a measure of 
wall effect. McGeary only detected the levelling out at a 
diameter ratio of 40 to 1. McCrae and Gray measured the wall 
effect as extending inward 5 particle diameters for a system 
which packed due to falling grains. 
2,5 Theory of .effect of vibra.tion 
An attempt at explanation of observed phenomena both 
qualitative and quantitatively is usually made in a technical 
publication and the study of the effect of vibration is no 
exception. Qualitative explanation in those papers so far 
reviewed (they are thought to have the most bearing on 
process engineering applications) invariably entails the 
discussion.of the behaviour of individual particleso On the 
other hand two types of quantitative theory are apparent; 
that which considers the individual particles and that which 
considers the granular material as a continuum. The author 
believes the particle approach is finally to be most fruitful. 
Some excellent work has been done particularly by civil 
engineers in predicting behaviour. by the continuum approach, 
however it is discussed here in a minority. 
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Brackpool and Phelps explained .. the .. onset .. of. impacting 
in their mould of granular material.as.that.point._where the 
force upward due to vibration exceeded the downward.force due 
to the surface load. The resultant force.moved .the ... granular 
material upward relative to the. container and the 
consequential movement toward each .other .caused .. the .impact. 
When the surface force exceeded the vibratory.force .. only 
granular rearrangement took place. 
The reduction of force between grains during the 
vibration cycle is explained by Bazant and Dvorak by a 
propagation phenomena. Vibration propagated from the 
underlying to the overlying grains. The lower.layers rose 
first whilst the upper layers did not move (due .to a. finite 
propagation velocity) and a compression. took .place •. Then all 
the layers rose in succession. The .base.layers.were the first 
to fall. whilst the upper layers were still rising. 
Consequently dilation took place. For low vibrational 
accelerations the compression and dilation was negligible and 
stability was retained. (The design condition for machinery 
foundations.) For higher accelerations compaction occured and 
for even higher accelerations impaction occured with a more 
severe compaation'on impact, and with a bigger dilation 
lasting longer. (The design conditions for compaction 
equipment.) 
Yoshida and Kousaka described the compaction process 
when not considering air flow in two parts, impaction when 
the bed moved relative to the vessel and compaction due to 
acceleration fluctuation. The latter case they considered 
minor as was found experimentally by Brackpool and Phelps, 
When air flow was considered the mechanism was slightly 
altered. Instead of the granular material impacting in free 
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fall with the rising vessel it impacted at a reduced velocity 
due to the drag of air flowing from the cavity between the 
material and the containing vessel, The compaction due to 
impaction was reduced as the air velocity increased until the 
minimum fluidisation velocity was reached. The granular 
material was then deposited gently on the container bottom 
during each cycle, They also concluded that the application 
of vibration had exactly the same effect as tapping if the 
following variables were the same; the vessel, the particles, 
the number" of impacts and the impact velocity, 
A model proposed by Likin 77 did not not consider 
particulate behaviour. He included the effect of the material 
to be compacted as if it were a continuum, His model was of a 
mass of granular material with a compressive stiffness K2 , 
vibrated against a shock absorber of stiffness K1 , The 
Lagrangian equation of motion was:-
where m is the mass being compacted, x is the displacement 
from the rest position, F sin wt .is the vibratory force and 
Po is the static compressive force, By substituting an 
equation of plastic deformation due to Hencky and Bridgeman 
the equation of vibratory pressing was:-
Log1o E = lOglO Eo .65 P 
x -
where E and EO are the porosity at pressure P and the 
initial porosity respectively, cr is the shear modulus of the 
material being compacted and d is the diameter of the mould, 
Wo is the natural frequency of compaction. 
Good agreement was found below a porosity of 35% but 
above this figure (higher porosity) the prediction was not 
so accurate. Likin thought the disagreement was due to the 
assumption of plasticity. 
The mechanism of segregation of sizes in a vibrated 
mass proposed by Williams and Shields was in two parts. The 
fines tended to percolate through the matrix of coarse 
material. The second mechanism proposed was that the larger 
particles received more kinetic energy during the impaction 
part of a cycle since they were pressed by inertia against 
the packed bed. Their kinetic energy caused more inertia 
which permitted relative motion of the coarse particles 
through the fines at the limit of upward displacement of the 
fines. 
Packing behaviour was predicted by Suzuki et.al .. They 
considered the relationship of relative velocity at which 
that particle was projected from the plate. Their expression 
of packed density was:-
Cl-I':) = (1-1':0) + K (6V) 
. Vo 
where I': and 1':0 are th~ porosities at that condition and 
, 't' 1 't' , 1 K' d 6V . ~n~ ~a poros~ ~es respect~ve y, ~s a constant an ~s 
Vo 
the velocity function previously described. 
The equation for the term 6V does not contain any 
Vo 
particle parameters and in view of the effect of shape 
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observed by many authors and of resilience observed by McCrae 
and Gray, the closeness of theoretical prediction to 
experiment is something of a coincidence. 
The discharge rate of particles from a hopper was also 
~redicted by Suzuki et.al •• They used their term 6V in the 
Vo 
form of relative particle acceleration which was substituted 
for 6P in the equation of flow rate of a fluid; Q = c I 6 p. 
where c is a constant, Q is the flow rate and 6P the pressure 
drop. There was fairly good agreement with practice. 
YOUd 123 included several explanations of the effect of 
vibration on density. Converse stated that "The basic 
requirements for compact ion of soil is that the shearing 
resistance or friction between the particles of soil be 
reduced to a point where the superimposed loads can press the 
particles closer together". Winkerhorn stated "The mechanism 
of vibrodensification is one of loosening the contact of a 
particle with its neighbours for a sufficiently long period 
for it to assume, under the influence of gravity and normal 
pressures, positions of lower potential energy". Johnson and 
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Sallberg stated "that particles in a granular system do not 
have equal contact pressures between particles. When a normal 
force is applied the particles are forced into the adjoining 
void, spaces. As the force is released more deformations take 
place. Vibration consists of alternate loading and unloading". 
Simply stated they say "Adequate vibration meets those 
requirements of having sufficient force (deadweight and 
dynamic force), acting through the required distance 
(amplitude) for a sufficient length of time (frequency) for 
movement of grains to take place". 
The theory of Youd described a system unable to, compact 
further. The movement of particles to a lower potential 
energy state was prohibited by the frictional and inter-
locking forces on the particles. These forces formed an 
energy barrier above which the particle must pass in order to 
attain a lower energy state. Kinetic energy was provided by 
the variation which can allow the energy barrier to be 
crossed when the particle is in a position to achieve a lower 
state of potential energy. 
With the aid of a graph of porosity plotted against 
vibrational acceleration, he described the packing and shear 
force behaviour of the material during vibration. The shear 
force is reduced to the no-load static value at the critical 
porosity which is the equilibrium porosity for that 
acceleration of vibration. If the material was not at the 
equilibrium porosity, the critical porosity must still be 
achieved during shear. This was accomplished by an expansion 
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of the bed to the equilibrium porosity for that vibrational 
acceleration, The force required to expand the bed in the 
shear zone could be estimated, hence the shear force could be 
deduced. 
2,6 Mechanics of granular material 
In order to reduce the uncertainty of a theoretical 
model of any system, the development of that model must be 
directed towards a complete understanding of the system, The 
continuum approach to the stresses in a granular material has 
to be extended with little reference to the actual processes 
involved and could never accurately predict the behaviour of 
one particle, The most advanced stat~ of knowledge of 
particle behaviour is due to Mindlin, Deresiewicz and others, 
who considered the behav~our of contacts between like spheres; 
By similar reasoning to that of Brown and Hawksley, the 
treatment of spheres is far from the behaviour of materials 
encounted in practice, The contact of two irregular grains 
can hardly be likened to the contact of two spheres on 
account of dissimilar radii of curvature alone, What is the 
radius of curvature of point on an irregular particle? 
However the theory of Mindlin et,al, is the most 
advanced available and has approached prediction of the 
behaviour of like spheres, Unfortunately a mathematical 
description of like spheres is somewhat different from an 
engineer's description, no set of spheres could be made 
without a finite tolerance between their radii, In 
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consequence deviation from theory has resulted. Reducing the 
tolerance of spheres used for experiment has produced results 
closer to theory. However it appears that some account of the 
variation in size and shape of the best set of spheres man 
can make must be made for theory to predict practice. 
The contact theory of Mindlin* et.al. developed the 
Hertz theory of the contact of two spheres to include a 
tangential stress. Cattaneo23 was the first to include 
tangential stress but his work only became known to Mindlin 
after parallel development to the same stage. Mindlin further 
developed the theory to include the effect of both normal and 
tangential stress oscillations and tortional oscillation. 
The Hertz theory predicted the radius of contact, the 
displacement of the sphere centres normal to the common 
tangent, the rate of change of displacement due to an 
increasing normal load, and the radial profile of local 
stress across the contact**. 
* This work was the result of effort by a team of workers 
and there is no intention to credit it all to Mindlin. 
** Throughout this description of contact theory the 
direction of the common tangent along the contact face is 
termed the tangential direction. The normal to it is termed 
the normal direction. 
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Non-linearity of these changes with changing normal load 
suggested difficulties when considering a dynamic case. It 
was also decided by Mindlin that the initial normal stress 
affected the role of the elastic constants. The Hertz theory 
predicted the velocity of a wave travelling normally across 
the contact as proportional to the one sixth root of the 
initial isotropic pressure and proportional to the one third 
root of the shear modulus. This was in poor agreement with 
fact. 
A tangential force applied to a contact experiencing 
normal force produced infinite tangential traction* at the 
edge of the contact if it was assumed that there was no 
relative displacement. It was therefore assumed that such a 
displacement occured and because of symmetry it took place on 
an annulus inward from the contact radius. The displacement 
of the two contact surfaces within that annulus was termed 
slip, which was distinct from the whole contact displacement 
which was termed slide. Slip occured when Coulumb's law of 
friction at a point was exceeded for a. constant coefficient 
of friction. Equations of annulus limits and tangential 
compliancet were obtained, and Johnson 66 confirmed these 
experimentally. 
* Traction is the force in the direction described which 
tends to move the point at which it acts, relative to the 
sphere's centre. 
t See note at the foot of the following page. 
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When the tangential force was released the displacement 
returned, but not to zero. If-the tangential force cycle 
continued to oscillate, one complete cycle formed a 
hysteresis loop. For that case an energy loss,the area of 
the hysteresis loop, occured which was described by. an 
equation. The prediction of energy loss agreed well with 
Johnson's experiments at large amplitudes, varying with the 
cube of tangential force. At lower amplitudes the variation 
of energy loss was to the square of tangential force. A 
dynamic effect was suspected of being responsible for the 
error. 
Johnson found in his energy dissipation measurements 
that a velocity dependent mechanism was involved which 
overshadowed,the static effect at small amplitudes. At the 
centre of the amplitude range there appeared to be a 
geometrical factor missing since Johnson observed a 
dependence of energy dissipation on both sphere diameter and 
normal load. 
When both normal and tangential forces varied (as was 
the case in a vibrated assemblage of spheres) the inelastic 
character of the relation between the tangential load and 
displacement introduced a complication. The force-
displacement relation depended on the entire past history of 
t Compliance is the movement of a point relative to the 
sphere's centre in the direction described. It is caused 
by the traction-at the point. 
normal and tangential loadingo The factors which affected 
subsequent behaviour were:-
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(a) Tangential or normal force constant, each or botho 
(b) Both forces increased or decreased, or both varied 
oppositelyo 
(c) Whether the rate of change of the tangential force 
to normal force exceeded the coefficient of frictiono 
(d) Whether the disturbance was in the same or 
opposite direction to the loading historyo 
Little development of the basic theory was made after 
1954, however applications of the theory were put to testo 
Mindlin 89 who had explained the theories described the 
conditions of stress in a regular array of sphereso The array 
was hexagonally packed and fully consolidatedo The approach 
was to consider the spheres under a state of initial stress 
and calculate the deformation due to an arbitrary increase in 
stress o The deformation of the spheres was calculated by 
adding the deformations of each contacto Not enough was known 
of the system to allow complete analysis but the case of 
small amplitude vibrations was considered when the assembly 
of spheres was confined by a high loado In that case the 
change in contact compliance could be assumed constanto An 
experiment showed good agreement with the predicted natural 
frequency with high tolerance sphereso The agreement improved 
with both high and low tolerance balls as the pressure 
increasedo 
Deresiewicz 33 considered a cubic array of elastic 
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spheres deforming up to the failure condition. That condition 
was where contact slide occured, i.e. when the inner radius 
of the annulus of slip was zero. The relationship between 
normal and tangential forces and annulus dimension was:-
(1.) 3 = 
a 
T 
1- llN 
where c is the annulus inner radius, a is the contact radius, 
11 is the coefficient of sliding friction and T and N are 
Tangential and Normal forces respectively. 
When c = 0, T = llN which was the overall condition of 
slide according to Coulomb's law. 
Deresiewicz 30 produced his excellent review of 
'mechanics of granular matter' in 1958, He discussed the 
theory of packing of particles and the latest advances in 
their contact. theory which included only new applications to 
that described previously. The response of granular materials 
to a disturbance is extensively described, with little 
emphasis on the continuum approach. Propagation of stress by 
a collection of granules was reviewed, all models of which 
consider spheres. His suggestions for further work described 
the information lacking for the extension of contact theory 
for spheres and the development to apply to irregular 
particles. Specific points which were needed were:-
(a) An exact solution to the Hertz theory. 
(b) The direction of application of oblique forces 
could change. It had not at that time been considered (or 
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since). 
(c) Stress strain relations and criteria of failure of 
a randomly packed array of arbitrary sized and shaped 
particles, probably described by empirical distribution 
functions. 
The restrictions of usage and the equations of the 
behaviour of a contact between two spheres due to Mindlin 
et,al, is given in Appendix A, 
Deresiewicz mentioned the discrete particle approach to 
understanding the behaviour of granular materials, The work 
mentioned included the discovery of dilatancy by Reynolds 93 , 
Reynold's approach was somewhat philosophical, directed 
towards an understanding of the nature of ether which 
supposedly comprised space at the time, His argument has 
since had an important bearing on the understanding of the 
behaviour of granular material. 
"The difference between granual material and solids or 
liquids was its property of dilatancy': stated Reynolds, 
Dilatancy was the definite change in the volume due to a 
change in overall shape or a distortional strain, In liquids 
and solids, dilation and distortion were essentially distinct 
but in granular media distortion always produced dilation, 
When a granular material was deformed each grain's position 
was controlled by those around it since it could not move 
through them without a major disturbance, Hence during 
distortion each grain would stay in the vicinity of its 
77 
neighbours. 
When the structure of grains of a granular material 
cannot expand, the m~ss cannot be distorted, He described his 
famous balloon experiment. The balloon contained water and 
solid spheres.Water was drawn into the balloon when it was 
distorted suggesting an expansion of the spheres. A more 
inelastic bag which could not expand was sealed so that the 
water with the spheres could not flow in or out. Distortion 
of the bag was impossible. 
Before discussing the ether, Reynolds described the 
well known example of the dilatancy of sand. The pressure ·of 
a footstep on the sand caused the particles to dilate as they 
deformed under the load. The expansion drew water from around 
the footstep and gave the sand a white appearance. When the 
pressure was released the assembly of grains contracted again 
leaving an excess of water on the surface. 
Jenkin 65 applied the principle of dilatancy spheres and 
sand in hoppers and bunkers. He calculated the pressures 
exerted on a horizontal base and vertical walls. He verified 
the calculation and concluded that the angle between the 
force acting on a wall and the normal to the wall was the 
angle of friction. The pressure was not transmitted uniformly 
and did not vary linearly with height above the base. The 
resultsof·the experiments depended on the pattern of packing 
and on grain shape. 
Andrade and Fox 3 experimented on the mechanism of 
dilatancy. They described observations of overall effects 
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when.dilatancy takes place. No effect of either the rates of 
loading from 600 to 16 seconds or varying the pore water 
pressure was detected. Graphs of load against displacement 
showed consecutive slip and shear which caused dilatancy. 
They produce a theory of propagation of a slowly applied load 
for a system of cylinders and it is developed for carbon shot 
and sand. The carbon shot photographed during distortion 
clearly showed a 90° inverted cone below the base of the 
piston applying the load. This cone was stable while the 
neighbouring shot dilated and moved. A similar 90 0 cone was 
observed under the piston compressing sand Fig. 15. 
An interesting discussion of the study of elastic 
deformations is presented by Holubec. He concluded that such 
study was not of use to all branches of soil mechanics,but he 
studied elastic behaviour since it was necessary in the work 
of preconsolidation of large areas before civil engineering 
work took place. His definition of elastic behaviour is an 
extension of a strict meaning. A deformation is considered 
elastic if the width of the hysteresis loop is small compared 
with the magnitude of reversible strain. Much data on the 
stress-strain relations of soil was included. 
2.7 Phenomena of propagation of stress 
Geophysical interest in the propagation of disturbances 
in granular material was established at the turn of the 
century., The economics of oiL exploration provided much 
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Fig.l5. A diagram of the effect of slowly loading the surface 
of a granular material. (a) Carbon shot, and (b) Sand, 
as observed by Andrade and Fox 
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impetus to empirical research with the result that changes in 
strata in the earth's crust could be located by observing 
reflections from explosive disturbances, However present 
research gains no information from that early work, 
The carbon microphone. used in telephone mouthpieces 
for thirty years before, was the subject of the research of 
Hara45 , He presented a model of the carbon granules in order 
to predict the propagation phenomena of sound waves in the 
microphone, His model comprised a cubic lattice of spheres 
connected in the dire6tion of propagation by springs, The 
spring was to model the elasticity of the contacts between 
the granules. their behaviour being given by the Hertz theory, 
The contacts which were orientated normally to the direction 
of propagation were assumed to play no part, Hara's model 
predicted that the elastic wave velocity varied with one 
sixth power of the confining pressure, 
Ishimoto and Iida 62 began their work on the elastic 
properties of soils by making an investigation using 
vibration, They varied the geometry of their sample and the 
moisture. content and evaluated the elastic constant at the 
resonant frequency, Iida 60 61 used the resonant column 
technique to investigate soil samples from many regions of 
Japan, He experimentally established the dependence of the 
velocity of propagation on one sixth of the confining 
pressure, He also observed the decrease in velocity with 
increasing porosity, A slight increase in the velocity was 
observed with increasing grain size, Nasu 91 used the same 
technique in the field, 
The Japanese investigations were directed towards the 
understanding of the propagation of stress which caused 
earthquakes from a source deep within the earth's crust, 
Takahashi and Sato 106 modelled the propagation similarly to 
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Hara, In one section they produced a parallel calculation to , 
Hara and then allowed the orientation of the contacts of the 
constituent grains of one shape and size to be in all 
directions, The Hertz theory was again used to calculate the 
contact strain, Then average values of strain and contact 
elasticities were found, These were applied to a unit volume 
of the model.granulesto allow the velocity of propagation to 
be calculated as if a continuum, 
Gassman'o treated the earth's crust as if made of an 
array of similar spheres in hexagonal close packing, The 
contact strain was calculated by the Hertz theory and the 
grains compressed under their own weight, The wave velocity 
was again dependent on one. sixth root of the confining 
pressure (in this case the pressure was due to the overlying 
granular material.) 
Chambre 2 , derived the velocity of a compression wave in 
a suspension of porous medium which obeyed a simple mixture 
of densities ,law. Hysteresis and unloading phenomena, after 
the passage of the. compression cycle, were ignored. The whole 
system was assumed to have no rigidity hence the resulting 
equation was independent of confining pressure, The analysis 
Showed the velocity varied with the composition,of the medium 
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and shows a minimum between the values for either component 0 
(Iida's dependence of velocity on the porosity.) He derived 
the same equation two ways; one way by considering a slice of 
the medium normal to the direction of propagation and of 
infinitely small depth. The structure of the medium remained 
unchanged during compression. 
I 7 
An extension of.Chambre's work was developed by Brandt • 
He attempted to make some allowance for the shape and 
arrangement of the fundamental particles in rocks. He stated 
that the derivation of the speed of sound in the aggregate of 
non-spherical particles followed closely the derivation with 
spherical particles, provided certain average characteristics 
of the shape of particles are known. 
Brandt's model aggregate comprised four sizes of 
spheres, each size stacked randomly in the interstices of the 
larger. The mass of spheres was deformed and contact response 
~asagaincalculated by the Hertz theory. A bulk volume-
confining pressure relationship was evolved which he used in 
a modified continuum equation for the velocity of propagation. 
The work was extended to be valid for irregular 
particles. However they were restricted to those which could 
be described by an average radius of curvature to validate 
the Hertz theory of contact of spheres. Brandt stated that 
the velocity was then dependent on the following particle 
characteristics. the number of contacts between the grains, 
the porosity, and the relation between the average radius of 
curvature and volume. These were all related factors so could 
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be grouped into one velocity measurement. The velocity 
predicted was inevitably proportional to the one sixth power 
of the confining pressure since the Hertz theory was the 
basis of deformation. 
Brandt's theory predicted the velocity data of Nasu, 
and decrease in volume due to compaction by static pressures. 
The experimental values for velocity of Hughes et.al. 56 57 
58 in saturated sandstone were predicted at low pressures but 
deviation occured at higher values. The discrepancy was 
likely due to the limit of the Hertz theory. Fatt 37 verified 
the prediction of a slight decrease in porosity with pressure 
and the predicted relationship between the bulk volume and 
pressure for spheres. 
Matsukawa and Hunter 83 experimented with a laboratory 
sample of sand. They pulsed a continuous oscillation applied 
to the bed and measured the variation of sound velocity with 
pressure. Gassman's predictions of velocity variation with 
confining pressure were verified, but a sensitivity of 
velocity to grain size was apparent. 
Casagrande and Shannon 22 applied transient loads to 
soils. The loading rates were restricted to those which 
exhibited no time delays in the small cylindrical samples 
they used. However with a clay they observed as much as 220% 
increase in the compressivestrength due to a rapid loading 
in .01 seconds, Only a 10 - 15% increase in strength was 
recorded with sand at the same loading rate. The results for 
sand included much scatter and were only considered 
approximate. 
Casagrande's results suggested that a previously 
unknown mechanism was involved when granular materials were 
stressed rapidly. Whitman 117 investigated these phenomena 
further at Massachusetts Institute of Technology from 1954, 
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He measured a similar 10% increase in strength of sand when 
he conducted his highest rate of loading test in ,005 seconds. 
However, tests were conducted with less control on the rate 
of strain down ,001 seconds duration where Whitman found two 
factors interfered with his experiments. The first was that a 
measurable time was elapsing for the wave to travel from the 
impact end of the sample to the other. The second factor he 
termed the lateral inertia effect l18 • Lateral strains had to 
occur before failure could take place, In very rapid tests 
inertia delayed the development of radial strains, thus it 
was 'possible to develop, during short periods of time, 
stresses far in excess of the true peak strength, Both 
effects increased with icreasing sample size and were found 
for their samples of about 4 centimetres in diameter 11 
centimetres long to begin to interfere with a ,001 second 
loading, 
Shannon 1.0.0 . et, al. conducted rapidly loaded triaxial 
tests as he had with Casagrande. The purpose of the 
experiments was to find the dynamic modulus of elasticity 
from a modified 'triaxial' apparatus, From the dynamic moduli 
wave velocities were calculated which fitted well with 
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velocities measured by other authors, Fig. 16. 
The phenomena of lateral inertia which appears probable 
when one considers the structure of granular material, was 
disputed by Parkin 92 • He predicted the impact wave form by 
means of continuum theory without consideration of lateral 
inertia. The curves predicted were as close as any other 
theory had been which caused Parkin to firmly dispute the 
existance of lateral inertia. 
A granular model to aid prediction of wave propagation. 
particularly with geophysics in mind, was presented by 
Brutsaert. He extended Brandt's theory to apply to three 
phase systems, solid, liquid and gas. The elastic constants 
for an aggregate of his model particles were calculated by a 
modified technique of Brandt. Brutsaert concluded that 
Brandt's reasoning for extension of the spherical particle 
model to irregular materials was correct. In consequence he 
included the same constants. Dissipation was a result of the 
two interstitial fluids moving relative to the solid. 
The propagation equations without dissipation resulting 
from the work were the same as Brandt's for a saturated 
granular medium. Equations of a form already predicted were 
produced when including dissipation. An important conclusion 
is that at low frequencies of vibration there is only one 
type of compressional wave. At high frequencies the 
dissipation effect is the same as for interstitial fluid with 
no viscosity. 
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Fig.16. The velocity of propagation of longitudinal waves from a disturbance in a granular ~ 
medium, based on data from Hardin and Richart. 
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The text book on foundation and soil dynamics by Barkan 
included discussion of propagation phenomena, He concluded 
that since the amplitude of an oscillation.decreased with the 
distance from the source, its effect decreased, Applying this 
to the problem of vibratory compaction, he wrote that since a 
threshold of vibratory compaction exsisted (see section 2,2) 
a three dimensional surface at a certain distance from the 
source would be the limit of the compaction effect, The 
distance depended on the amplitude of the source and the 
transmission behaviour of the material through which the wave 
propagated. Beyond the limit the structure of the material 
would not change and an elastic wave would be propagated, 
The fraction of energy absorbed by a granular material 
was found by Barkan to be independent of the rate of loading 
but the fraction absorbed was considerably affected by the 
grain size of the material. It increased as the grain size 
increased, 
The aformentioned· phenomena are examples of the 
limitations of considering the granular material as a 
continuum, Barkan was aware that continuum theory was an 
analogy but he described what it predicted since it was at 
that time the best available, When one considered a granular 
material as an isotropic-homogeneous elastic body two forms 
of body waves must be present. The longtitudinal, with 
displacements in the direction of propagation, and the 
transverse with displacements perpendicular to the direction 
of propagation, Only if the appearance of the waves were such 
that the components of displacements at the initial moment 
corresponded only to change in volume the transverse waves 
would not appear. 
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Kolbuszewski 70 suggested that porosity is not a 
sufficient parameter for relating the propagation properties 
of different sands. It was also necessary to account for 
particle shape, diameter, size distribution and packing. He 
indicated that it was possible to obtain the same relative 
porosity many times with the same sand yet obtain different 
response. Assuming that his proceedures were identical, the 
difference of results was explained by differences in the 
arrangements of the grains which were possible for the same 
numerical value of porosity. 
The experimental technique of Iida in 1939 using 
resonant columns of Japanese soil to find elastic wave 
propagation phenomena was adopted by Hall, Hardin and Richart 
~3 44 46 47. Their sequence of experiments was designed to 
isolate the effect of more parameters on fewer materials. The 
variables considered were moisture con~ent, porosity, grain 
characteristics and vibration conditions. The porosity was 
the most significant variable, the wave velocity varied 
almost linearly with it. Preloading was found to have only a 
small effect on the velocity of the sand, cycling from 
16 - 50 psi produced only 1 - 4% variation in velocity. 
Water content appeared only to affect the velocity 
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indirectly, It changed the consolidation characteristics i,e, 
porosity, and the dynamic behaviour was changed, Grain size 
and shape which affected the packed porosity similarly, 
indirectly affected the propagation characteristics, 
The amplitude of vibration affected the velocity such 
that an increase in amplitude decreased the velocity, The 
order of decrease in the range of amplitude investigated was 
10 to 15%, The effect of the porosity was to increase 
velocity 10 to 15% between maximum to minimum porosity, 
The variation in velocity due to amplitude change was 
higher for a lighter confining pressure at any porosity, This 
suggested that the velocity is more affected by amplitude 
when the contacts between two particles approached a 
condition of slide, i,e. not subjected to such high normal 
contact pressures, It is also interesting that a system of 
glass beads has a high velocity change due to water content 
whereas sand is little affected. This phenomena suggested 
that the coefficient of contact friction was reduced by the 
water, and glass 'beads exhibited the reduction more than sand 
because glass had a smoother surface, 
Hall and Richart obtained spurious results when they 
vibrated a fine, compacted quartz, It is not clear what 
amplitudes were used in this experiment but it appears as 
though the amplitudes investigated were of the same order of 
the particle size. Specific test conditions were not reported 
but their range of frequencies for all experiments was 
•• _ 3 
138 -165 Hertz, and max~mum ampl~tude of about ,5 x 10 
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inches for all tests. A calculation shows that for the 
minimum frequency investigated the acceleration of vibration 
was about 1.5 times that of gravity. Such an acceleration 
would undoubtably cause·particle rearrangement and may have 
caused packing. Kolbuszewski 70 observed different propagation 
phenomena at the same porosities. Further investigation by 
Hall and Richart suggested that the velocity was 'time of 
loading' dependent but the increment of increase of velocity 
due to various times of load application was approximately 
uniform. This suggests·that the system is in fact susceptible 
to the number of tests carried out on it, not the time of 
load application. 
Hardin and Richart produced a graph of velocity of 
propagation data by many workers. A modified form of the 
graph is shown in Fig. 16. 
An alternative method of investigating propagation 
phenomena to the resonant column is by local stress and time 
of arrival measurements. Selig 98 and Vey 99 experimented with 
horizontal sand columns laterally loaded. A highly developed 
gauge system was embedded in the column intervals. It was 
observed that the wave velocity varied linearly with bulk 
density. Also observed was the peak pressure attenuation 
decreased as the density increased. It also decreased with 
increased confining pressure. 
Selig and Vey concluded that velocities measured by a 
time of arrival technique compared well with those predicted 
by resonant columns. This is likely to be so if there is no 
91 
particle rearrangement in the resonant column, There was 
least change in wave shape along the specimen with the 
highest density, highest confining pressure and smallest 
shock pressure, There was always a reflection from the 
opposite end of the specimen to the input, The peak stress 
attenuation increased as the input stress increased and as 
the peak stress duration decreased, There was no peak stress 
attenuation for a step pulse but the wave front deformed, 
Baker 7 carried out resonance experiments with samples 
similar to Selig's, None of his observations conflicted with 
Selig but Baker also noted that wave velocity decreased with 
increasing bar diameter to wavelength ratio. He concluded 
that the amplitude of vibration only slightly influenced 
velocity of propagation (in elastic propagation region,)Wave 
velocity varied linearly with porosity, 
The spread of disturbance in a granular medium has not 
recently been investigated, Pokrovski (Goldstein, Misumski 
and Lapidus~l) and Smoltczyk 103 assumed that the spread would 
form a normal distribution, but no experiments observing 
propagationina semi-infinite system have been made, 
2,8 Statistical models 
In 1929 Smith, Foote and Busang observed that a 
Gaussian distribution described the number distribution of 
the number of contacts per particle in an assembly of spheres, 
The study of the geometry of·a packing of spheres hardly 
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suggests a completely random system. However all the small 
effects dictating the co-ordination number are random by 
definition of a Gaussian distribution. It is reasonable to 
assume as an extension·of this principle that the packing of 
an assembly of irregular particles of different size is 
controlled by many more small effects which add together to 
form similar Gaussian distributions. 
Wise applied statistics to the understanding of packing 
phenomena. He considered an assembly of spheres with a 
distribution of radii described by a mathematical function, 
chosen for conve·nience to illustrate his argument. (Whilst 
all size analyses produce a number distribution of one form 
or another, they are rarely completely described by a 
mathematical equation. The distributions yield sufficient 
data to characterise the particles and moments, means and 
other statistical tools can be readily calculated from them 
using a digital computer.) He defined and calculated a 
probability and density function (see section 2,3). He 
defined and calculated a probability density function 
describing the dense packing of the spheres from the size 
distribution. The probability density function was used to 
calculate density functions of geometrical behaviour of the 
packing. 
An important aspect of Wise's paper was the technique 
he used to suggest a distribution function which at that time 
was not known. He introduced a function of a form which did 
not contradict the laws of the system he was studying in 
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order that he may demonstrate his theory. For example, Wise 
discussed the probability of obtaining the tetrahedra he used 
to describe the packing (see section 2.3) throughout a real 
heap of spheres. He thought that a tetrahedra with one side 
between the centre of two balls not touching may be more 
feasible. In that case five variables (instead of the four 
constituent sphere radii) were necessary to define the 
tetrahedra, the four radii and the gap between the two 
spheres on the odd side. The radii distribution was assumed 
or measured but he would still have had to have guessed at 
the distribution of the gap width. However he. felt that many 
of the interesting geometrical properties of a mass of 
spheres could still be estimated even if the guess was not 
too good. 
Other authors who have used statistics in the study of 
packing phenomena are Hogendijk S2 , who extended Wise's work, 
Kallstenius and B~rgau68 and Higuti. 
Herdan's book sl first published in 1953, described and 
correlated many aspects of particle behaviour which was 
dependent on the size 
analysis by number to 
covered. Wise l21 also 
analysis. Extension f the size 
area and volume anal~ses was also 
worked on conversion(of size analyses. 
Weibel l14 and Tomkeieff 2o 110 described te~hniques of 
~ 
sampling particles and prediction of distribution from them 
(see section 2-9.) 
An extension of the use of statistics from the 
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understanding of packing geometries is made by Litwiniszyno 
He considered the probability of displacement of a particle 
forward and sideways when moving towards a hole in the base 
of the box. His theory produced Gaussian and Hyperbolic flow 
profileso The profiles were close to the shape of coloured 
trace layers embedded in sand which was allowed to flow 
through a hole in the base of its containero 
A further investigation was. made by Smoltczyk 103 o He 
considered the propagation of stress in a soilo In his 
reasoning for modifying the Boussinesq theory of elastic 
'potentials' within the soil, he stated, "Elastic strain is a 
minor and sometimes insignificant part of soil deformation"o 
Smoltczyk proposed that there are three forms of particle 
behaviour being acted on by a force:-
(a) The particle held its position relative to the 
adjoining oneso 
(b) The particle left its position but returned to it 
when the disturbance stoppedo 
(c) The particle left its position and did not returno 
Elastic deformation could not account for the third 
displacemento 
Smoltczyk discussed the propagation of stresso The 
impulse transmitted to any particle decreased with growing 
distance from the source and with its lateral location 
denoted by the angle its direction from the source made with 
the verticalo The degree of scattering of the impulse 
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depended on physical qualities of the soil such as porosity, 
coarseness, size distribution, This qualitative reasoning was 
sufficient information for him to write the distribution of 
normal and shear stress on a horizontal plane due to vertical 
force as a normal distribution of the force on the plane, The 
force on the plane was the total integral of the stress at 
all points on the plane, For a horizontal stress acting at a 
distant point the distribution of stress on a horizontal 
plane was given by the simplest assymetrical distribution 
function, Sketches of the distributions of stress on a plane 
from a point normal load and parallel load are shown in 
Fig, 17, The prediction is a distribution of static load, He 
applied it to the stresses under footings, 
Goldstein, Misumski and Lapidus 41 stated that the 
probability approach to problems of s9il mechanics was first 
suggested in U,S,S,R, byPokrovski in 1933, His fundamental 
principles were:-
(1) The stress distribution in soil is controlled by 
the law of probability (usually normal,) 
(2) The settlement is a process of transition of a 
foundation to a more stable state, Boltzman's theorum as to 
the proportionality of entropy change to logarithm of 
probability is applicable to a structure - foundation system, 
(3) The strength of soil is determined by the maximum 
local stress coinciding with the weakest points of the 
material and statistically distributed over the whole volume 
of soil, 
Normal force 
(b) 
Shear force 
Fig.17. The force profiles predicted by Smoltczyk. 
(a) From a normal force, 
(b) From a shear force, 
applied at a distant point. 
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Takahashi and Sato used the statistical definition of 
the mean value of the energy loss per contact in a model of 
many similar particles to obtain the energy loss per unit 
volume of material. Their model was composed of many small 
particles of one kind with the points of contact arranged in 
all directions. The energy loss per unit volume is used to 
calculate the velocity of propagation of an elastic wave in 
the granular model. 
2.9 Particle characterisation 
For many processes occuring within a packed bed of 
granular material a conventional size analysis cannot be used 
with accuracy. For example the distribution of diameter given 
by a sedimentation technique of size analysis is only an 
indication of the particle size and would be inaccurate if 
used to calculate surface area of the particles in the bed. 
This thesis is concerned with the way a force 
propagates through a bed of particles. Propagation is clearly 
via particle to particle contacts which lie in various 
positions around anyone particle. It can be seen that it is 
important to have an accurate measurement of the distance 
from one contact'to another across a particle. 
Attempts at correlating particle shape have been 
published regularly. Wadell (1935) presented his results of 
estimating the sphericity of a quartz sand. His results were 
from a large number of particles and the technique much too 
tedious for practical adoption. Powers and Rittenhouse 
I 
') 
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proposed similar estimates of shape, Lees discussed the 
short-comings of sphericity and presented a non-empirical 
method for estimating quantitatively the degree of angularity 
of the particles, He attempted particularly to estimate shape 
of crushed material, The work of Powers. Rittenhouse and 
Lees is mentioned by Selig 98 , 
None of the methods were sufficiently advanced or 
practical and since a sizing technique which accounts for 
particle shape appeared to be more developed and closer to 
our needs it was adopted with modifications, 
The particle sizing technique has been used for many 
years by metallurgists and pathologists to obtain size 
distribution data from a section and is now being used by 
particle technologists, Wiebel11~ applied the technique to 
the study of the human lung, His sample was two dimensional 
slice of three dimensional tissue from which was measured the 
distribution of the lengths of solid chords on rnanystraight 
lines drawn across the section, The principles used to 
convert the data obtained from the one dimensional sampling 
technique to apply to three dimensions were by Delesse 29 and 
Rosiwa1 95 , Delesse established a principle that the area of 
solid on a sample section was the same ratio to the total 
area as the solid volume to the total volume, Rosiwal 
extended the principle to the fraction of a line in a random 
direction cutting a particle to that part cutting the void. 
being the same as the solids volume of the original, (A 
mathematical proof of the principles of Delesse and Rosiwal 
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presented by Weibel appears as Appendix B,) 
Tomkeieff llo and Campbel1 20 110 developed a suggestion 
of Moran that the surface area of the solids and their 
volume could be easily calculated from the chord measuring 
technique described above, They dispelled the premise that 
the solids needed to be the same shape as one other and that 
they needed to be entirely enclosed in a unit volume, The 
only rider attached to the analysis that the sections should 
be randomly disposed to the sampling line, 
The measurement of the distance between the intercepts 
of the sampling line with a particle (which will be called 
the 'Random Chord size analysis') can provide much more data 
than is used by the metallurgists or pathologists, The length 
of solid intercepts can be plotted to produce a random chord 
distribution which is related to any other size analysis. but 
in a complicated manner, However a random chord has itself a 
physical significance and can be used to predict the 
distances between contacts on a particle, since it is a 
distribution of the distance in random orientation across the 
particles, 
2,10 Conclusions from the literature 
A disturbance applied to a bed of granular material 
does not propagatesol.ely in the direction of application, A 
spread of effect about the line of application is found, The 
spread has been described as a normal distribution with the 
mean value on the line of application41 103, The total area 
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under the distribution is the force at that level 103 • No 
experimental verification of this has come to light even 
though it has important bearing on what effect of a 
disturbance is found in which position in a bed of material. 
In view of the divergence of the effect of a 
disturbance the attenuation along the length of a cylindrical 
sample of granular material measured by many workers may not 
bear a simple relationship to the attenuation measured within 
an infinitely wide bed. The effect of the boundary wall is 
not yet understood. It must affect lateral strain during 
axial loading and in consequence could cause a similar effect 
of increasing compressive strength, and the force propagating, 
as is attributed to lateral inertia 99 • A close boundary wall 
would not affect the velocity of propagation of a disturbance 
measured by timing the beginning of a shock wave at various 
distances along the sample. Selig 99 found that the impulse 
measuring technique produces the same velocity values as the 
resonant technique. Hence the velocity of propagation is the 
same in a cylindrical sample as in an infinitely wide bed of 
material. 
The divergence of a disturbance must be understood to 
enable the prediction of local conditions in a disturbed bed 
of granular material to be made. One application which will 
benefit is the vibration of a hopper to produce discharge 
conditions. It is commonly known that either a flow condition 
or packing can occur but the physical limits of either effect 
is not known. YOUd 123 presented enough knowledge to allow the 
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porosity and its relation to critical porosity to be 
9 0 
predicted, given local vibration conditions. Mogami and Kubo 
and Youd presented values of the shear strength of sands at 
specific vibration conditions, and the latter author 
suggested how to extend the values to all energies of 
vibration, 
The 'threshold of vibratory compaction' explained by 
Youd is seen by Barkan to be a limit in an infinite system of 
granular material, Within .the limit, vibration conditions 
will be of sufficient energy to. cause compaction and outside 
no compaction would occur, In effect Barkan said that the 
amplitude of vibration decays as one gets further from the 
source. This decay has been measured by Selig 99 and Richart 44 
47 along the length of a cylindrical sample but an increase 
was noticed as reflection occured from the boundary forming 
the end opposite to the source, The decay has also been 
reported by authors compacting granules by vibration 10 36 A 
region of higher porosity was noticed near the surface of the 
material. 
The constraining force acting there due to the weight 
of the bed is lower which tends to allow the vibration to 
exhibit a higher acceleration there, However the porosity-
acceleration of vibration curves presented by Youd, and 
Barkan.suggest that a higher acceleration produces a lower 
porosity, For there to be a region of high porosity near the 
surface, the acceleration of vibration must be lower there. 
For this to be so, the acceleration must decay as the 
distance from the source increases.The addition of the 
constraining surface load reduced the porosity of the upper 
region by being a source of reflection. 
The mechanism ,of propagation suggested by Bazant and 
Dvorak 68 best describes the processes involved. The effect 
of amplitude and frequency can also be included in their 
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. explanation and the mechanism of packing and bulk flow can be 
superimposed. The disturbance is propagating from the bottom 
of the vessel, It passes via particle to particle contact 
from underlying to overlying grains. The lower layers rise 
first whilst the upper layers do not move(finite time of 
disturbance progression) and compression takes place. 
Successively all the layers rise, The base layers next begin 
to fall before the upper layers, causing dilation and 
reduction of contact pressures, 
For low acceleration of vibration (less than that of 
gravity) compression and dilation is negligible and 
rearrangement of particles can only occur when the contact 
failure condition described by Deresiewicz 30 occurs, i,e. 
The tangential force at the contact exceeds the product of the 
coefficient of sliding fraction and the normal force, (Both 
forces oscillate due to the vibration.) 
For acceleration of vibration little above that of 
gravity, dilation occurs, allowing the particles to separate 
and reorientate discretely. During dilation the resistance to 
external shear force is lowered and flow occurs more readily. 
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For vibrational acceleration very much higher than that 
of gravity dilation, impact and compression take.place. In 
this condition bulk circulation is observed. The divergence 
of the disturbance as it passes through the material can 
explain bulk circulation. The profile of stress at any level 
has a maximum on the axis of the disturbance 103 • If this is 
the case during vibration, maximum stress produces a maximum 
amplitude on the axis of vibration. Since the recovery of any 
layer of particles projected by vibration (as they are when 
the acceleration is greatly in. excess of gravity) is due only 
to gravity, those particles exhibiting the largest amplitude 
would require a longer time to recover to their original 
positions. The time of recovery is essentially constant at 
each horizontal level in the bed as can be seen from figure 8 
in the Preliminary Experimental work. The particles 
experiencing the largest amplitude do not recover completely 
and in consequence,experience a resultant, upward motion 
relative to the neighbouring particles.The resulting flow 
away from the source of vibration is shown by Takahashi 107 
and the consequential downward flow is in the region of least 
disturbance. 
The equilibrium porosity of a granular material during 
vibration at a fixed acceleration is the same as the critical 
porosity for shear at those conditions l23 • If the granular 
material is circulating in the vessel it must be at its 
critical porosity for that local high energy vibration 
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condition. Since the critical porosity is the lowest porosity 
at those conditions and the equilibrium porosity always 
becomes lower as acceleration of vibration increases 8 , no 
higher porosity results when the bed exhibits bulk 
circulation. However segregation of sizes of particles" and 
air floW l22 may be caused which would increase the porosity. 
Propagation of a disturbance is via particle to 
particle contact and the theory which can best predict 
contact behaviour at this time is due to Mindlin and 
Deresiewicz 88 • Their theory has been applied to arrays of 
spheres with success, Brandt l7 applied the Hertz theory of 
contact behaviour to a sphere model of a granular material to 
produce the most widely quoted propagation theory, Mindlin's 
contact theory is an extension of the work of Hertz and could 
be app~ied to a randomly packed bed of particles (within the 
limitations of the assumption of the contact being between 
two spherical surfaces of the same radii,) The technique of 
Brandt is to generate a term v. ~ (where v is volume and 
p is pressure) considering the contacts in an assembly of 
granules which is used as a compression modulus in an 
equation for the velocity of propagation of the disturbance, 
The technique could be followed incorporating Mindlin's 
contact theory, 
Since the approach of this work is towards application 
of vibration to granular materials in process industries, 
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propagation of vibration to produce discrete or bulk flow is 
the main interest. It can be seen from the literature that a 
common propagation investigation technique is by means of the 
resonant column 61 "3, In such experiments the structure of 
the granular material must not change. A system at resonance 
must be strong enough and stable enQugh to behave in the 
same way, at the same. time during each cycle of vibration, 
When the structure is not stable, unreproducible results 
occur as reported by Hall and Richart"" in their experiments 
with Novaculite, Since the behaviour of geometrically 
unstable material is of interest, the measurement of 
propagation by applying and opserving pulses was.considered 
more versatile. 
It ·is noticeable from the application of statistical 
ianalysis to the problem of mechanics of assemblies of 
( 
) irregular granules,that the normal distribution describes 
some properties' l 102 103, The problems of packing irregular 
materials.has been seen to be extremely complex with many 
factors involved in a small way, Smith, Foote and Busang l02 
found close to normal distributions, for certain conditions in 
the packing of spheres, In view of·the normal distributions 
being observed in .the packing of regular particles it is 
reasonable to assume that the same distribution will apply to 
many irregular material properties, especially as a first 
approximation, 
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CHAPTER THREE 
THEORY 
3,1 Introduction to the theory 
The divergence of the effect of an applied force in a 
granular material has been prophesied by Pokrovski~1 and 
predicted by Smoltczyk 103 • The latter made no account of the 
properties of the particles, the geometry and orientation of 
which is totally responsible for the divergence, 
A size analysis technique which takes account of the 
geometry of irregular particles has been described, Data from 
the size analysis will be used to predict the profile of 
force due to divergence, 
In order to predict the time at which a disturbance 
effects a point distant from the spurce, the velocity of 
propagation of the disturbance must be known, The established 
technique by Brandt l7 to calculate a compression modulus for 
an assembly of parti·cles from particle to particle, contact 
behaviour is extended to include the effect of the tangential 
force at a contact, The modified contact theory used here is 
by Mindlin and Deresiewicz 88 • 
3.2 The distance between two contacts on an irregular 
particle. 
A random chord is defined as that part of a line drawn 
in a random direction that lies within a particle, or, that 
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part of a line in a fixed direction that lies within a 
randomly orientated particle, A Random Chord size 
distribution is the distribution of chords defined above, 
Each particle in a granular mass has an infinite number of 
random chords varying between the maximum dimension of the 
particle and zero. The distribution of the the random chords 
for one particle will be a function of particle shape, If for 
all the particles in a bed of granular material, individual 
particle random chord distributions were evaluated, a 
technique for completely characterising the shape of the 
particles would be achieved. Such an analysis would be as 
tedious as that to evaluate shape by Wadell l12 and of little 
practical value. 
The Random Chord size distribution formed by adding 
together the individual particle Random Chord distributions 
will be a collective measure of the shape of the particles. 
The overall distribution can be estimated by the technique of 
scanning a two dimensional section in a random plane of the 
particles by lines in random directions outlined in section 
2.9. The number of random chords measured to form the exact 
distribution should be infinite. However, sampling theory 
(Lloyd12~) allows an estimate of known accuracy from a finite 
number of random chords. Data shown by Lloyd suggests that as 
many particles as is practically possible should be sampled, 
A Contact Chord is defined as the length of line 
between two contacts on the same particle. Since there are 
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05 k (k-l) contact chords in a particle, where k is the 
number or contacts on that particle, and their lengths can 
vary rrom the longest dimension of the particle to zero, they 
form a distribution or number against length. The limits of 
th~ distribution for one particle are the same as for the 
individual particle random chord size distributiono.Similarly 
the overall limits of length of contact chord are the same as 
the limits of the overall random chord size distribution. The 
mean value of Random Chord ror all the particles will now be 
shown to be related to the mean value of the contact chord. 
Fig. 18 
Route through 
The routes through a bed or granular material via 
random chords and contact chordso 
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Consider a particle within which there is a contact 
chord separated by angle theta from a random chord through 
one of the contacts Fig. 18. Consider also the second, third, 
••••• Nth particles on the line of the random chord, until a 
contact again coincides with the line. N particles have been 
traversed by the line. The shortest route via the particles 
and contacts (i.e. crossing no voids) is through M contact 
chords each inclined at an angle: Bi to the line which cuts 
the random chords. The sum of the projections of each contact 
chord on the random chord line is the length of the random 
chord line. If the length of an individual random chord is 
r. and of an i~dividual contact chord c. then:-
l l 
i=M i=N 
Z B. = 1 L: c. cos l-e: r' . l l l 
i=o i=o 
since the ratio of random chords to voids is porosity 
9 5 (RosiwaL) 
It is assumed that N=M, i.e. the same number of 
particles are intersected through the contact chords 
as on the straight line, then:-
c cos B = 
·:rhe distributions of c and B are independent. therefore, 
c cos B = C.cos e 
The mean value of cos B is calculated from the 
llO 
distribution of G. In three dimensions the number 
distribution of G is given by:-
peG) = sin G 
(A proof of this is given later.) 
The relationship of the number distribution of cos G to G is:-
p(cos G). d cos G = peG). dG = sin G. dG 
The mean value of cos G is given by:-
cos G = 
= 
cos 0 = 
Substituting 
-
7[/2 
J p(cos G). cos G. d cos G 
o 
7[/2 
f 
0 
1 
'2 
cos G 
-2 r 
7[/2 
J p(cos G). d cos G 
o 
sin El. cos G. dG 
7[/2 
J sin G. dG 
0 
in c cos r 0 
=(l-E:) 
c 
=(l-E:) (1) 
The mean lengths of the random chords is calculable 
from the random chord size distribution and hence the mean 
length of the line within a particle between two inter-
particle contacts is found (the contact chord,) 
3,3 Theory of propagation of an applied force through a 
cohe s iorlles smaterial. 
111 
Consider several irregular shaped solid particles 
grouped three dimensionally around a particle A, shown 
diagramatically in Fig. 19. Consider force (F) is applied to 
A in any direction as shown. It is opposed by reaction on the 
opposite side of the particle A at contacts b, c, d. and e. 
The increased contact pressures there, are in turn, opposed 
by reaction on the opposite sides of particles B, C. D. E at 
contacts f to p. Action and reaction continue in this way 
through a network of contacts so that ~wo particles distant 
from A experience an increase in commor, contact pressure, The 
increase depends on the magnitude of the original force F and 
the distance from particle A. 
It can be seen from Fig, 19 and imagined in three 
dimensions that a force F on a particle A causes increased 
~ontact pressure on particles B, C, D, and E in contact with 
A and increase also on particles F, G. I, J, L, M, 0, and p, 
Thus the effect of an applied force on one particle is met by 
reaction at an increasing number of contacts as they are 
further from the original force. The reaction is spread as 
the effect of force propagates through the bed. 
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Fig. 19 The reaction of neighbouring particles to a force 
applied to one particle. 
Consider now a static bed of granular material of 
finite height but of infinite width. If a vertical force is 
applied upward to one particle in the bottom of this bed 
(a point source) a profile of force is formed in a horizontal 
plane a distance H above the source. For a bed which has 
uniform porosity and is not segregated in particle size, the 
Torce profile is symmetrical about the vertical axis through 
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the source, and at an increasing horizontal displacement(D) 
from the centre of the system the force tends to zero. If the 
profiles at each level in the bed were known, the shear and 
compressive force between two distant points could be found. 
If these forces exceeded the strength for the bulk material, 
failure would occur. 
In this theory an attempt will be made to predict the 
force profile at any height above a vertical applied force 
from a point source, and later from an imput of finite area. 
The packing of the bed will be considered static whilst 
propagating the force and it will remain stable until shear 
or compressive forces exceed the failure condition. 
A point of contact in a cohesionless granular material 
exists only if the normal force at the contact is greater 
than, or equal to zero. A negative force would tend to 
separate the two particles and since there is no cohesion 
there, the contact would fail to exist~; i.e.,acontact in a 
cohesionless granular material cannot resist a tensile force. 
Thus when the effect of a force applied to a cohesionless 
granular material passes through the points of contact only 
compressive forces are involved. 
Consider the particle A in Fig. 19. The force F 
compre,sses those contacts which lie above its point of 
action and tends to tense those below its point of action. A 
compression of a contact below this point is possible if the 
force F exerts a turning moment on the particle. However such 
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a compression will be neglected since it is opposed by an 
equal compression above the point of action of F. Hence only 
those contacts above the point of action of the force on a 
particle will be considered. 
If the effect of an applied force reaches the surface 
of the bed of the granular material, it must have described 
many routes through particles and contacts in its travel from 
the source. This part of the theory will describe the 
probable routes to a point on the surface and thereby 
produce a distribution of arrival points. The routes through 
the bed will be described by many lines within the particles 
between two contacts on each particle, the contact chord, and 
the inclination of this line to the vertical, angle theta 
(0) Fig. 20. The mean length of the contact chords has been 
described for the particles and a number of distribution of 
theta can be deduced from the state of isotropy of the bed. 
If a statistically large number of particles are affected by 
the force, their contact chords and inclinations, theta will 
form their respective number distributions. 
Along each of these routes a packet of force will 
travel. The concept of a quantity of force can be explained 
by considering a pile of bricks in the form of an inverted 
cone, Fig. 21. 
If a force of magnitude 1 is applied to the lowest 
brick its effect will divide equally between the two above it. 
Similarly the force acting on underlying bricks will combine 
and divide throughout the pile in passing to overlying bricks. 
the vertical 
direction 
adjacent particle 
in contact 
projection of contact 
chord onto the horizontal 
fixed 
vertical 
plane 
115 
adjacent particles 
in contact 
Fig.20. Contact chords(c),the angle theta(e), and the 
angle lambda()..). 
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To avoid the complication of dividing the applied force, it 
will be considered as many small packets of force which add 
together to give the force acting on any brick. If the 
packets are considered separately their density at any point 
in the pile is the force acting. This idea is easily extended 
to a bed of particles. 
Fig. 21 A diagram of the effect of force. 
The position at which each packet arrives at the 
surface is determined by the route through the bed via 
particles and contacts. The number distribution of arrival 
points on the surface will also be the number di~tribution of 
packet of force arrivals. This in turn is the distributioncof 
force on the surface. 
At each point of contact in the bed, the reaction of 
the upper particle can equal the propagating force until the 
particle slides. In this theory the contacts in the bed are 
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assumed stable until the bulk strength of the material is 
exceeded. The profile of force predicted by assuming the 
interparticle contacts are stable is compared with the bulk 
strength measured for the material. If the profile predicted 
does not exceed the bulk strength, a higher force is applied 
and the calculations reported until the material fails. The 
condition of failure is of importance to the process engineer. 
The non recoverable strain at a contact due to the 
effect of an oscillating tangential force 89 is considered 
not to affect the structure of the bed. Thus, until failure 
occurs due to the bulk strength being exceeded, each contact 
reacts equally and oppositely against the propagating force 
and all force applied to the bed is detectable at the surface. 
The distribution of force from a point source. 
Consider a three dimensional bed of granular material 
containing many particles randomly orientated such that a 
line through the bed in any direction cuts the same 
proportion of voids to solids. Consider a contact on a 
particle is contact chord (c) from a second contact on the 
same particle, and this contact chord is inclined at an angle 
theta (0) from the vertical. Fig. 22. The horizontal 
displacement (d) of the two contacts is c sin e and the 
vertical displacement (h) is c cos e. Since we are 
considering that propagation occurs by means of contact 
compression and only via those contacts above that one which 
first receives the force. the angle theta varies between 
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- n/2 and + 1112. Hence d varies between -c and +c ,and h between 
o and c. 
To account for the direction of the horizontal 
displacement d a furt~er angle must be defined. This will be 
called lambda (A) and is the deflection in a horizontal plane 
of displacement d from a vertical, fixed reference plane, 
Fig. 21. 
The total horizontal displacement D after N 
displacements (d) 
i=N i=N 
D = 1: di • cos A. 1 = 1: cio sin ei • cos A. 1 
i=l i=l 
Subscript i refers to one set of conditions. 
The number of displacements (N) is given by the 
shortest distance of travel of the force divided by the 
projection of the mean contact chord onto that line. The 
(2) 
number of displacements to a point, a horizontal displacement 
D, and at a height ~ from the source is given by:-
v'W + D2 
N = c cos e 
The number distributio.ns of. the length of contact chord and 
theta are independent of each other, hence:-
c cos e = c cos e 
For the force to have arrived at a horizontal 
displacement D at a height Wabove the source, the mean angle 
theta for the route is given by:-
D ElHD = arctan Ht 
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Since an initial assumption was that a line through the 
bed in any direction cuts the same fraction of voids to 
solids as the porosity, the line also cuts random chords. 
This is only so if we assume the particles are randomly 
orientated. Then the line at angle arctan ~to the vertical 
cuts random chords in the particles and has the same 
properties as the line cutting random chords described in 
section 3.2. The angle of inclination of each contact chord 
to the line, can be considered the same as theta and has the 
same distribution. In consequence the mean value of cos El is:-
1 
cos El = '2 
Substituting cos El in equation 3, the number of steps to 
reach a point on the surface is:-
, 
N = 
-c (4) 
If a large number of packets of force pass through the 
bed of material, taking a large number of steps N the 
distributio"n of force on the surface will be Normal (Gaussian.) 
(Smoltczyk 103 and Goldstein. et.al. 41 ). To describe the 
normal distribution its standard deviation (aD) must be 
Ivertical direction 
• 
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-= .......... t _ _ horizontal 
- direction 
Fig.22. The vertical and horizontal displacement of one step 
along a contact chord of length 'c'. 
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described which can be r'ound from the standard deviation of 
one displacement (aD)' The normal distribution of force is:-
g(D) = 1 exp ( _D2 ) 
2 a 2 D 
The variance of displacement for one step is given by:-
d max 
ad = I (0 - d)2. p(d). dd. 
d min 
where 0 is the mean value of horizontal displacement and 
p(d) is the probability of displacement d. 
(6) 
For one displacement, d = O. Therefore the variance is 
given by:-
d max 
ad = I d2• p(d). dd. 
d min 
The probability of displacement d is the probability 
of c sin 0. Since c and e are independent, consider one value 
of c (c j ). Then:-
p(d). dd = p(0). de 
The distribution of theta p(e) is found by considering 
the three dimensional space above the contact (Q) which first 
receives the force, Fig. 23. Consider a contact chord from 
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that contact of a fixed length (c j ). If it were allowed to 
pivot freely about Q in all directions above Q the opposite 
end of the chord to Q,(S) would describe the surface of a 
hemisphere of radius c j with the centre at Q. Let the chance 
of S being at any position on the surface of the hemisphere 
be random. Then the probability of theta is given by the area 
subtended by an infinitely small angle d0 as it revolves 
about the vertical. 
Fig. 23 
+ 
vertical centre line. 
--
Q 
The hemisphere described by S and the area 
subtended by revolving d0 about the vertical. 
The probability of 0 is:-
2n c. sin e: c. de 
J J 
2 n c. 2 
J 
p(0) d0 = sin 0 d0. 
substituting equation 8 in 7 and 
n/2 
0 2 d = c
2 
J sin
2 e. sin 0. d0 
-n/2 
2 
[
COS30 .•• ___ JW2 
= 2c cos 0 3 - -
o 
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( 8) 
d = c sin e in 7. 
Consider now all possible values of c. The equation for 
variance becomes:-
c max 
J c 2 , p(c). dc 
c min 
A technique has not yet been established to find the 
number distributi6n of the contact chords. Only the mean 
contact chord has been calculated. It is desirable to derive 
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the contact chord distribution from a random chord analysis 
because of the convenience of the analysis, however it is 
not yet possible. In consequence an assumption will be made 
that the second moment of the contact chord distribution is 
related to the second moment of the random chord 
distribution. The assumption is primarily to demonstrate the 
theory. 
The first moment of the contact chord distribution is 
related to the random chord by equation (1). It is assumed 
that the ratio of the second moments is the square of that 
given in equation (1). The equation for the variance of one 
.step now becomes:-
cr 2 = d 
4. 4 
3D-£)2 
r max I r2. 
r min 
p (r). dr. 
The integral term is the second moment of the random 
chord distribution and has a constant value for a granular 
material. It will be subsequently 
accordance with the nomenclature 
written as 112 
,0 
established at 
in 
the 
Institute Verfarhenstechnic of Kalsruhe University. 125 
Then the variance on one step is given by:-
cr 2 = d 
16 
3(1-£)2 
M 2,0. 
(10) 
The displacement for one step was considered in three 
dimensions. In consequence the variance of the horizontal 
displacement cannot simply be added together to form the 
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variance of the normal distribution on the surface. Allowance 
has to be made for the angle that the vertical plane, through 
the horizontal displacement, makes with a fixed reference 
vertical plane. This angle is lambda (A) (Fig. 20) and its 
number distribution will be considered linear since the bed 
is Qonsideredisotropic. Then the variance on each step a~ 
must be projected onto the vertical reference plane which for 
convenience includes both the point source and the point of 
arrival at the surface. 
The projected variance is given by:-
0 2 = 0 2 cos X P d' 
The mean value of cos A is given by:-
rr/2 
J p(cos A). cos A. d cos A 
o 
w2 
J p(cos A). dA 
o 
Now p(cos A). d cos A = p(A). dA 
p(A) is assumed linear 2 = -rr 
Then cos A is given by:-
(11) 
w2 
J cos: A. dA 
o 
[ sin 
= L i\ 
w2 
J dA 
o 
A ] 11/2 
o 
= 
2 
11 
Substituting equation 12 in 11 
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(12) 
Then the variance of the normal distribution of force on a 
plane. height Hr above the source is:-
(J~ = N. (Jp = _211_N (13) 
N is given by equation '4 and (J~ by equation(lO). Substituting 
these in equation 13:-
64 ,111'2 + D2 (J2 = 
D 311 C (1_£)2 (14 ) 
The variance for N steps is now substituted in the normal 
distribution equation (5) to give the distribution of force 
at the surface. 
The standard deviation for N steps is :-
(1-e:)/'3iTC' 
vr:l 2,0 
Then the.surface distribution from a point source is:-
g(D) = 0- e: ) v3rr'"7 
.; 8 2110M2 ,0 
exp [- 311 
1280 
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(14) 
(15) 
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The distribution of force from a source of finite area, 
The distribution of force on a horizontal plane a 
height H above a point source is given by equation 15, It is 
a function of the porosity of the bed of granular materiai 
(E), the size and shape of the grains (c), the height of the 
surface being considered (~), and the radial position (D), 
In order to calculate the force received at a height H 
in the bed from an input source of finite area, it is 
necessary to integrate the contribution of all points of the 
input area, 
Consider an input disc with radius R~ and the force 
from it which reaches a point T on the surface, The vertical 
displacement of T above the surface is Hand the. horizontal 
displacement from the centre of the input is D. Fig, 24, The 
projection of T vertically downward onto the plane of the 
input disc is the point p, The contribution of all points on 
the input disc a horizontal displacement x from P will be 
integrated, Each point on the input disc contributes a force 
g(x), dA, where g(x) is the distribution given by equation 15 
and dA is the area of the point being considered, 
The assumption here is that the effect of a point on an 
input of finite area reaching a position on the surface, is 
governed by the same equation as the effect received by a 
point on the surface from a point source input, i,e, 
T 
t • I 
I 
, CASE 2 CASE 1 CASE 2 
I 
H' I 
I 
• 
.... D ..., 
P Input 
disc 
Fig.24. The geometry of the finite input disc system. 
Area within 
which ~=_IT~ ____ ~_ 
, 
" 
Fig.25. Case 1, when P is within the input disc. 
\ 
I 
Fig.26. Case 2, when P is outside the input disc. 
\ 
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g(x) = g(D). 
Each point on the input disc is assumed to apply the 
same force to the bed of material. Therefore the element of 
area of the input disc, a horizontal displacement x from p. 
must be calculated. 
The element of area is given by the product of the 
length of arc of the circle radius x which coincides with the 
input disc and the width of the element dx. The length of arc 
coinciding is given by the product of x and the angle (2$) 
subtended by the arc. The angle $ is given by the cosine rule 
on the triangle formed by the horizontal displacement (D) of 
the point P from the centre of the input disc(R), and the 
radius (x) of the arc being considered, Fig. 25. 
If the point P is within the input disc some of the 
arcs of radius x will be full circles, i.e. $ = 2~. The 
condition of this is D < or = R~ If D > R'the arcs of radius 
x intercepting the input disc will be incomplete f Fig. 26 
The general form of the contribution of each element of 
area is:-
= g(x). x. 2$. dx (16) 
The distribution of force on the surface f(p) is given 
by integrating equation 16 between the limits of the nearest 
and furthest point of the input disc to the point T. There 
are two cases:-
Case 1: When the projection (P) of point T lies within 
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the input disc, i.e. D < or = R~ when the distribution is 
given by:-
R-D 
f(D) = J g(x). 2$. x. dx 
o 
rf+D 
+ J g(x). 
R'-D 
2. arccos 
+ D2 _ 
2 x D 
dx' 
( 17) 
Case 2: When the projection (P) of point T lies 
outside the input disc, i.e. D > R~ the distribution is given 
by:-
(18) 
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3.4 Veloci ty of propagation 
The foregoing theory calculated the profile of force 
at the surface at a steady state condition. The force 
arriving at any point on the surface is the sum of force 
arriving via many contact routes of various lengths through 
the bed, Because of the finite time of progression the effect 
of applied force will take longer to reach the surface the 
longer the route, 
Consider an element of a bed of granular material 
containing M contacts such that contact properties in the 
element form the same distribution as contact properties for 
the bed,(Lloyd 124), Consider that in the element the 
vertical force due to the weight of the bed above is constant 
and that the whole element when disturbed by a vertical 
upward force is affected uniformly, Within the element the 
conta~t pressures will increase depending on the force of the 
static load, the magnitude of the disturbing forc~ and the 
angles these make with the normal to their common tangent" 
Tangential and normal compliance (rate' of change of 
displacement of points ,in the particles due to applied force) 
will occur, The effect of the compliance will be a reduction 
in element volume~ Calculation of the reduction will yield a 
function v~~, where v is the element volume and p is 
disturbing force per unit area, The ratio of element height 
reduction to the reduction in width will yield Poisson's 
ratio (v), The equation used by Brandt l7 for the velocity of 
a longtitudinal wave in an isotropic medium of infinite 
extent:-
s = I-v l+v 
will be used with the functions calculated for our 
element to calculate the velocity of· propagation. 
Properties of the· contact between two particles 
The mathematical theory of deformation of material 
composed of elastic grains due to Cattaneo, Mindlin, 
Deresiewicz Z } 30-3~ S6-SS and other workers is the best 
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(18 ) 
available at this time. The limitations they impose in 
dealing with spheres must be imposed on the system here 
consideredt. Whilst it is desirable to treat irregular 
particles, the geometry of each contact must be considered as 
that between two spheres; i.e. the contact surfaces are 
circular and flat, share a common tangent and have a profile 
of normal stress given by the Hertz theory. The consideration 
of particles with these properties will limit this theory but 
, 
contact orientation. relative position, stress due to load 
t The system treated by Mindlin and Deresiewicz is 
presented in Appendix A. 
• 
and those stresses due to the applied force are given by 
consideration of a random assembly of irregular particles. 
The deformation of an element of granUlar materiaL 
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Consider a contact between two particles within a bed 
of granular material. The contact can be fully described for 
our purpose by two parameters. (Their range of values for all 
the particles in the bed. will form the number distribution 
discussed later.) The orientation is described by angle S 
which is that between the vertical and the normal to the 
common tangent through the contact. The vertical force W, due 
to the weight of the bed and any load on the surface, is used 
to describe the static history of the contact by resolution 
of W in the direction of the normal and tangent, Fig. 27. In 
the case where S exceeds the angle of sliding friction at the 
contact, tangential stress due to other contacts on the 
particle must be present to maintain stability. The minimum 
value can be readily calculated. 
It is unlikely that tangential stress is zero at any 
contact in a static bed. It is also unlikely that ·the 
maximum static tangential stress is in the same direction as 
the tangential stress due to an applied force (considering 
the third dimension.) Since the contact is stable the 
component of static tangential stress in the direction of the 
applied tangential stress does not achieve the sliding 
condition. The direction of the applied force is assumed 
vertical since along whatever direction it acts, the 
vertical component must be that fitting the overall condition 
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of applied force per unit area (P). 
The diagram of forces on a contact is shown in Fig.27. 
Vertica11'direction 
W NI 
normal 
IS 
article 
surface 
Fig. 27 A diagram of forces on a contact between two 
particles. 
The static normal stress is:-
N': W coss (19) 
The static tangential stress for S < tan -1 ~ is:-
T = W sin S (20) 
The static tangential stress for S > tan -1 ~ is limited to:-
T = ~ W cos ·S (21) 
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For the condition where ~ > tan -1 11 the.normal and 
tangential stresses will not resolve to give the vertical 
force W. Since T > 11 N the contact has achieved the slide 
condition but cannot move due to the effect of the other 
contacts on the particle. The bed.is.assumed.stable. 
Therefore such a contact cannot react.to.any.further 
tangential stress unless the normal.stress.increases. 
The element of the bed being.considered.here.is.only 
isotropic under no-load conditions, the initial state. The 
deformation.from the initial state dueto.the.static load,is 
given by equations Ai to Av in Appendix A. The volume of the 
element (v) considered must be that deformed due to the 
weight of the bed and surface load. 
The isotropic volume of the element is the horizontal 
area of the element, unity, times the height. The height that 
will be considered is the mean random chord, this distance 
being measured between some point in one particle to a point 
in another; thus always considering two rows of particles 
separated by the contacts between the. rows, Fig. 28. The 
isotropic volume of the element will be considered as r. 
The tangential displacement due to static load is given 
by equations Av and Aiii:-
Ii = 3(2-\))11 N' 
8 s a (22) 
Fig.28. 
L 
Mean force on 
one particle L 
Surface of unit area 
acted on uniformly 
by force 'P' 
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r 
The undeformed element of granular material. 
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where N is the normal force and T is the tangential force, 
~ is the coefficient of friction at the contact and a the 
radius of the contact, v is Poisson's ratio for the material 
of the particles and s is the shear modulus, and the normal 
displacement is:-
et = 
1 
2 
r-.3(l-V) NJI L s R~ /2 
2 
3 
where R is the radius of the spheres, 
(23 ) 
For one contact substituting equations 19, 20 and Ai in 
equation 22 for B < tan -1 ~, the tangential displacement is 
o. = 3(2-v) ~ 1(W cos 6)2 • [1- [1-l 4 3(1-v) R,S2 
For 6 > tan -1 ~ 
o. = 3(2-v) ~ yew cos B)2 J 4 3 Cl-v) R.S2 
substituting equation 19 in 23 the normal 
displacement is:-
2 
et = ! [3 Cl-v) W cos 6] 3 
2 S RI/2 
2 
tan 6]3J 
~ 
(24a) 
(24b) 
(25) 
The reduction in size of the element due to a static 
load is found by projecting 0 and et into the vertical and 
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horizontal directions and finding the mean of the projections 
over all values of W, 13, R, and.~. R is the radius of 
curvature at the contact and ~ the angle of deflection of the 
contact normal in the horizontal plane. 
The vertical deflection is:-
V. = a cos 13 + 8 sin S (26) 
l 
Combining equations 24a, 25 and 26 
_ few cos 13) 2 V. - -'-"---'-'~-"-"--
l R 
( 1 .)~ 
\S20-V)3 
The horizontal deflection is:-
Hi = (a sin 13 - 8 cos 13) cos ~ 
Combining equations 24a, 25 and 28 
cos 13 + 3(2-v)1l 
2 11 
3(2-v)1l 
4 
This equation is for the case where 13 < tan -1 II 
To ease manipulation of these equations let:-
2 
A = ~ I Cl-V)3l"3 
L. [) J 
(27) 
(28) 
(29) 
and B = 3(2-v)\1 [" 2 ] 
4 3(1-v) 
so that 
A, B, = 3(2-v)\1 
4 
-1 For the case where S > tan \1, the horizontal 
deflection is:-
H. = 
J 
a/~( W,,-,c:..;0:..;S=--::S,-,)_2 
R 
S - A.B. cos sJ cos A. 
and similarly the vertical deflection is:-
sin sJ 
The number distributions of B, W, R and A are 
necessary to determine mean deflections Hand V. These 
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(30 ) 
distributions are expressed as peS), pew), peR), and peA), 
Probability of deflections Vi' Vj , Hi' Hj' can now be 
written:-
p(Hi ) dHi = peW) dW, pes) dS. peR) dR. peA) dA, 
and p(Vi ) dVi = peW) dW, pes) dS. peR) dR. 
Let the probability of S be lineart,therefore peS) = l/rr 
where S varies between -rr/2 and + rr/2. 
t See footnote on next page. 
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Let the probability of W be lineart, therefore peW) = 1/2L 
where W varies between 0 and 2L, L is the vertical load P on 
the element,divided by the number of contacts N2 , 
The probability of radius of curvature peR) can be 
derived from a random chord size analysis using the relation-
ship derived by Campbel1 20 and Tomkeieff 2o 110, They stated 
that the average random chord is four times the volume of 
the particle divided by the surface area. The mean radius of 
curvature is the volume of the particle divided by the 
surface area. Then for each particle the mean radius of 
curvature R is the mean random chord r divided by four/three. 
- 3r . R = 4' Slnce this is true for each particle the distribution 
of radius of curvature is the 
_3r 
- 4' 
distribution of random chords 
i.e. peR) = per) where R 
The probability of A is linear due to the isotropy of 
the bed, therefore peA) = l/~, where A varies between -~/2 
and + ~/2. 
Then:-
and p(V.) dV. = 
l l 
1 
2~L 
peR) dR. dW. dB. dA 
01 ) 
peR) dR. dW. dB. 
(31a) 
The mean values of H and V are given be equations of 
the form:-
t Discussion of the distributions assumed for B andW 
is to be found under the appropriate heading in the section 
"Distributions of Variables." 
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H. max H. max I ~ H .• P (Hi) . dHi + f J H .. P(H j ). dH. ~ J J 
0 H. min 
ii J = 
H. max H. max f ~ P (Hi) • dH. + J J p(H j ). dH. ~ J 
0 H. min 
J 
(H and V are synonymous) where the numerator is the total 
deflection and the denominator is the number of deflections. 
Vj , Hj' refer to those values of Hi and Vi where B exceeds 
tan -1 1-1. 
Therefore: -
H. max H. max 
J 
~ J J H .. p (Hi) . dH. + Hj . P(Hi )· dHi ~ ~ 
0 H. min 
ii J = 
(32) 
The denominator of the expression evaluates to one by 
choice of the original distribution functions. Including the 
limits for the separate integrations ii is 
rr/2 R 2L tan -1 max 1-1 
ii = J f peR) I I H. dB.dW.dR.dA ~ 
-rr/2 R min 0 0 rr2L 
R 2L tan -1 max 1-1 
+ f peR) J J H. dB.dW.dR. J 
R min 0 0 rr2L (33) 
after sUbstitution of equations 31 and 32. 
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Expansion of equation 33 yields several functions 
containing cos 5/3 S which cannot be integrated analytically, 
However by combining the two parts of equation 33 over their 
common range of values only one function is not integrable, 
Then substituting equations 29 and 30, in 33 and integrating 
with respect to Wand A. 
5/3 
H = 12(2L) 
5112L 
-1 
f
toan ~os 
+ A,B, 
Integrating by d S those parts 
analytically H is given by:-
R max 
which can be evaluated 
1IJ2 
dR ~ A 5/3 f f A,B.cos 5 / 3 s H = 12(2L) P (R) • 5112L R 1/3 
min 
-1 tan 11 
+ J A,B. 
o 
The expression 
the same form as that 
with the exclusion of 
R 0 
for the mean vertical deflection V 
for the mean horizontal deflection 
A terms, V. 
.1 and V. J are given by 
equation 27, Evaluation of V requires the same rules as 
dS 
(34 ) 
is of 
for H 
and after integrating by \'1 and where possible bye, V 
reduces to:-
5/3 
V = 6(2L) 
51[L 
- A.B. 
R max 
J 
R min 
de + 
tan e de J2/3 ] 
3A.B. 
5 
Those integrals not soluble analytically were 
evaluated by digital computer. Their values are shown in 
Table 8. 
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(35 ) 
The volume of the element deformed by vertical static 
load P is given by:-
_ _ 2 
Vol. = (r - v) (1 - NH) 
where N is the number of contacts per unit length in the 
element. 
Poisson's ratio for a granular material deformed by a 
static load. 
(36 ) 
To evaluate Poisson's ratio for the granular material 
compressed due to a static vertical load, consider a cube of 
material of unit volume. There are g contacts per unit 
length in the horizontal direction (isotropy) and f contacts 
per unit length in the vertical direction. As a first 
approximation let us assume that the number of contacts in 
Coefficient of 
friction )J 
.0 
.1 
.2 
.3 
.4 
.5 
. 6 
.7 
.8 
.9 
1.0 
Coefficient of 
friction )J 
.0 
.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 
1.0 
.841309 
-1 tan )J 
fSin S.COS 2 / 3 S. 
o 
.000000 
.002236 
.008775 
.019152 
.032691 
.048622 
.066185 
.084701 
.10361 
.12248 
.14099 
.000000 
.059776 
.1l8245 
.17425 
.22692 
.275689 
.320289 
.360710 
.39711 
.42977 
.459011 
Table 8 Computed values of integrals. 
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2/3 
1- tan S dS. 
)J 
146 
each axis direction of the cube remain constant and only the 
axis lengths deform due to the vertical load on the cube L, 
The mean deflections per contact H and V calculated in 
equations 34 and 35 are deflections from the no-load, 
isotropic condition where f = g, Then Poisson's ratio for the 
bulk material due to a vertical static load is:-
fv v 
Substituting equation 34 and 35 in equations 36 
[; - B 
71/2 tan-Ill 
2 JCOS 5/3 13 d i3 • - Jcos 5/3 13 [I-
v 0 0 = 
-1 
r 
tan II 
71. JcosS/ 3S dS + 3B _ BJSin S cos2/3B~-
5 o ~. 0 
ta.n J
2/3 l 
B dJ 
tan J
2 / 3 J 
S dJ 
(38 ) 
Values of Poisson's ratio for the bulk material 
calculated by computer for different values of the grain 
material Poisson's ratio and coefficient of sliding friction 
are given in Table 9. The method of evaluation was to fit an 
eighth order equation to the values of those integrals 
-1 
evaluated between zero and tan ll' 
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11 0.1 0.2 . 0.3 . 0.4 0.5 
v 
0.05 0.3666 0.2986 0.2463 0.2061 0.1754 
0.10 0.3643 0.2948 0.2414 0.2006 0.1695 
0.15 0.3617 0.2905 0.2360 0.1945 0.1630 
0.20 0.3588 0.2857 0.2301 0.1878 0.1558 
0.25 0.3556 0.2804 0.2234 0.1803 0.1478 
0.30 0.3519 0.2743 0.2159 0.1719 0.1389 
0.35 0.3476 0.2674 0.2073 0.1624 0.1288 
0.40 0.3427 0.2595 0.1976 0.1516 0.1174 
0.45 0.3370 0.2503 0.1863 0.1391 0.1043 
0.50 0.3301 0.2394 0.1731 0.1246 0.0892 
11 0,6 0.7 0.8 0.9 1.0 
v 
0,05 0.1519 0.1339 0.1199 0.1092 0.1007 
0.10 0.1458 0.1276 0.1136 0.1028 0.0943 
0.15 0.1390 0.1207 0.1066 0.0958 0.0874 
0.20 0.1316 0.1131 0.0990 0.0881 0.07.97 
0.25 0.1233 0.1047 0.0905 0.0796 0.0712 
0.30 0.1141 0.0953 0.0810 0.0702 0.0618 
0.35 001037 0.0848 0.0705 0.0596 0.0513 
0.40 0.0919 0.0729 0.0586 0.0478 0.0395 
0.45 0.0786 0.0594 0.0451 0.0344 0.0262 
0.50 0.0631 0.0439 0.0297 0.0190 0.0111 
Table 9 Values of Poisson's Ratio (~l for granular material 
calculated from the solid material values of Poisson's 
Ratio (v) and coefficient of sliding friction (11). 
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The decrea:seil1. Volume of a:gra:nula:rma:terial due to a small 
inc~ease of load. 
Evaluation of the rate of decrease in element volume 
with applied pressure is achieved by evaluation of the 
vertical and tangential compliance of each contact. Addition 
of t~ese compliances in the vertical and horizontal 
directions will give a reduction in height and width due to 
each increment of applied pressure. The volume change due to 
the applied pressure will then be calculated. 
Increase in load is assumed to act vertically upward on 
the lower face of the element of granular material. The 
direction of the resulting stress at each contact is then 
the same as that due to the static load. For one contact in 
the element where the normal to the common tangent is 
inclined at angle 8 to the vertical the tangential deflection 
~8 due to applied tangential stress ~T is given by:-
~8 =[2-\1J ~T 
-4sa 
"';1 For 8 < tan 1.1. 
No further deflection occurs in the case where 
09 ) 
8 > tan-lv, due to the small increase in load. All possible 
deflection in this case was taken up by the static load on 
the contact. However the number of contacts where 
8 > tan-Iv must be considered in order to obtain the mean 
deflection at a contact. 
The normal deflection ~a due to applied normal stress 
, . ~N lS given by:-
!la = [l-\lJ !IN' 
2sa 
Equations 39 and 40 are found in the paper by Mindlin and 
Deresiewicz 83 , 
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(40) 
The contact in question is acted upon by increase of 
stress 6W above the value W for the static case. 
Then !IN' = !lW cos B 
and !IT = !lW sin B 
Then equations 39 and 40 become:-
M =[~:~J!lW sin S, for B ~ tan-lll 
[
l-\lJ 60. = - - 6W cos S 
2sa 
(41) 
(42) 
(43) 
(44) 
To obtain vertical and horizontal deflections due to 
increase in stress !lW, equations 26 and 28 will be used in 
the form:-
!lV = !la cos B + !la sin S 
!lH = (!la sin S - !la cos S) cos A 
Substituting equations 42 and 44 in 45:-
!lV =[l-\ll 
2saJ 
similarly: -
!lW cos 2 B +[2-\lJ !lW sin 2 S 
4sa 
!lH = 6W [1-\11 cos A ---I cos B 2sil:j sin S _[2-\lJ cos B 4sa 
(45) 
(46) 
(47) 
sin B 
(48) 
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The mean horizontal (~H) and vertical (~V) deflections 
are required to calculate the change in volume. They can be 
found by equation 32 where ~H substitutes H, and in a 
similar equation where 6V sUbstitutes V. 
To ease manipulation of the equation let 
1 /3 
C l-v [3(~~v)J = 2s 
1/3 
and D' = 2-v [3(~~V) J --4s 
Using equation Ai in the form:-
and equation 31:-
p (~H) d~H = peR) dR. dB. dW. dA. 
ZH is given by:-
~H max 
sin I sin I ~W cos A ~c .c.os B B D cos B -3 
21T2L ,IR B (W + ~wl ,I B (W + 0 cos R cos 
peR) dR. dS. dA. dW. 
(49) 
(50 ) 
(51 ) 
B~wJ 
The limits 6H max and 0 transform into - TI/2 to + TIJ2 for 
integration by A; R max to 0 for integration by R; 2L to 0 
for integration by W; and - tan-l~ to + tan-l~ for 
integration by S. 
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In the limit 6W + 0 the form of the integral becomes:-
TI/2 
= fo cos J 
dH 2 
(C-If) 
-1 
J
tan ~ 2/3 
cos S. 
o 
Hence:-
2/3 
dH = 3(2L) 
dL TI 2L 
R max 
o 
R max 
t 
2L 
f 
dW 
3,1W 
o 
(52) 
Mean vertical deflection Zv is found by combining equations 
47, 49, 50 and 51 with 31a in the form:-
to 
p(6V) d6V - 1 
2TIL 
give ZV:-
6V max 
6V = f 
6W 
2TIL 
0 
peR) dR. dS. dW. 
[/R 
C cos 2 S 
S (W + 6W) cos 
peR). dR. dS. dW. 
D' sin 2 S 
6W) ] 
+3 
,1R cos S (W + 
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Transforming the limits as for ~H and in the limit of ~W + 0, 
the form of the integral becomes:~ 
dV 
dL 
= 
1 
1TL 
peR) .dR. 
-1 I:an :C 0"'/' , • " ,in'/' , tan'/' 'l d' 
Integrating by dW:-
dV 
dL 
2/3 
= 3(2L) 
21TL 
R max 
J 
p (R). dR 0 
° 
The term sin s / 3 S tan l / 3 S cannot be integrated 
analytically. Its computed values are shown in Table 10. 
The change in volume ~ Vol due to an incremental 
increase in Pressure ~P is given by:-
~ Vol = [er-v) _ dV] rCl- NH ) _ NdHJ2 _ (r-V) Cl-NH) 2. ~P dL L dL 
where r is the undeformed element height. 
Coefficient of 
friction 1l 
.1 
02 
03 
04 
05 
06 
07 
08 
09 
LO 
Ll 
.000330 
.00255 
000818 
001810 
.032530 
.051135 
0073242 
.098 
01247 
01524 
01810 
Table 10 Computed values of sin s / 3 B tan 1 / 3 S dB. 
The term ~dP(where v is a volume) is given by the 
dv 
volume deformed by static pressure P on the element 
multiplied by the inverse of fi Vol 
fiP 
in the limit fiP + O. 
Therefore:-
v dp _ 
dv 
= 
(r-V) (I-NB) 2 
_ _ 2 
- (r-V) (l-NH) 
- (r-V) (I-NB) 2 
2N(r-V)(1-NB) dH _ (r-V) N2 dH 2 
dV 
dL 
N dH 
dL 
dL dL 
2 ~ ~N dH (I-NB) dV 
dL dL 
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(54) 
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H, V, EH and Ev are given by equations 34, 35, 52 and 
53 respectively, They are all functions of the coefficient of 
sliding friction of the solidCp}, Poisson's ratio for the 
solid which forms the grains Cv) and the mean radius of 
curvature of the grains R, The pressure on the element P 
appears in each equation asa term of L, For a particular 
granular m,aterial p, v and R are constant and consequently 
the behaviour of v dp is governed by L. 
dv 
The evaluation of equation 54 will be made in terms of 
functions of L, thus:-
H = h. (L 2 / 3 ) 
V = i, (L2/3) where h, i, g and j are 
EH = g, (L- 1/3) constant for a particular 
b.V = j , (L- 1/3) materiaL 
Equation 54 becomes, in terms of functions of L:-
v dp = fdLZ) of' f2(L 4 / 3) + fg(L2/3) + Cl 
dv f 4 (L) + fsCL1/3) + f 6 (L- 1 / 3 ) + f 7 (L- 2/ 3) + C2 
where Cl and Cz are constants, 
When expanded the equation becomes:-
v dp = feCL) + fs(Ll/3) + C3 + f lO (L- 1/3) + fll(L- 2/ 3) 
dv 
+ fIZ(L- I ).",,, 
After the term fe(L) the subsequent terms play an 
increasingly smaller part in the behaviour of _ v dp 
dv 
(55) 
Whilst the f 9 (L 1 / 3 ) term and the constant term C3 may be 
significant only the first term feeL) will be evaluated. 
fe (L) is given:-
= 
dH 2N2. H. V + dV. N2 H2 
dL 
H V 
2dH v + dv H 
dL dL 
H Since = the bulk material Poisson's ratio (v) the term 
v 
becomes:-
= 2 dH + v dV 
dL dL 
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substituting the values of H" dH and dV from equations 34, 
dL dL 
52 and 53 and simplifying the simplified equation for _ v dp 
dv 
becomes:-
7f/2 -1 
'r d, ] tan J.l '+ - B.A JCOSfSdS Jcos~s [1- tan 5 5 J.l _vdp 0 0 
-
, -1 dv tan 'J.l 
' 5 5 1 
(C-D) (1- h-J.l2) + 7fV J (C cos
3 SdS + D sin 3 S tan 3 S )dS 
4 
0 
L is the mean vertical load on a contact and is 
related to the pressure on an element by the equation:-
P L = 
where N2 is the number of contacts in an element of unit 
(56) 
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horizontal area and height of a mean random chord. The 
physical value of N for evaluation of the velocity of 
propagation will be taken as the number of contacts between 
the particles intercepted by a line of unit length through 
the bed. 
1 N = 
r 
It is to be noticed that the major term of v dp is dv 
dependent on the number of interparticle contacts per unit 
volume. It is also a function of only the static pressure on 
the granular material and properties of the solid which 
constitutes the granules. 
The velocity of propagation can now be written, 
substituting the functions calculated in equation 18. _v ~e 
is given by equation 56 and v is given by equation 38. 
s- [ 3g • ( 
- p (l-e:) -
v d P .) 
dv 
1 
(1-V)J 2 
(l+v) (18) 
Hence the velocity of propagation is a function of the 
confining pressure to the half power, the reciprocal of the 
density of the granular material d to the half power, the 
reciprocal of number of contacts between particles on a 
straight line through the material, and of the properties of 
the solid which constitutes the granules. Computer evaluation 
of - v ~ a~~ j, excluding the terms of P and r, yields 
Table n. 
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11 0,1 0,2 0,3 0,4 0,5 
v 
0,05 12,1961 7,4103 5,7803 4,9333 4,3934 
0,10 12,0497 7,3086 5,6738 4,8059 4,2357 
0,15 11,8892 7,1956 5,5547 4,6639 4,0619 
0,20 11,7125 7,0693 5,4209 4,5049 3,8696 
0,25 11, 5169 6,9273 5,2696 4,3260 3,6560 
0,30 11, 2992 6,7667 5,0973 4,1234 3,4177 
0,35 11,0555 6,5834 4,8997 3,8926 3,1504 
0,40 10,7806 6,3726 4,6711 3,6277 2,8494 
0,45 10,4681 6,1276 4,4042 3,3217 2,5084 
0,50 ' 10,1096 5,8398 4,0894 2,9652 2,1202 
-_.'--
11 0,6 0,7 0,8 0,9 1,0 
\j 
0,05 4,0044 3,6972 3,4338 3,1784 2,4319 
0,10 3,8091 3,4570 3,1395 2,8127 1, 7987 
0,15 3,5977 3,2037 2,8403 2,4616 1,3589 
0,20 3,3682 2,9362 2,5360 2,1239 1,0347 
0,25 3,1185 2,6532 2,2261 1,7981 0,7849 
0030 2,8460 2,3534 1,9102 1,4831 0,5856 
0,35 2,5477 2,0352 1,5878 1,1775 0,4220 
0,40 2,2201 1,6969 1,2581 0,8800 0,2844 
0,45 1,8592 1,3365 0,9203 0,5890 0,1659 
0,50 1,4602 009516 0,5732 0,3030 0,0618 
Table 11 Velocity of propagation constant K, in equation 
[ -J1/2 for velocity K 3,gy P, r -P\l-e:) 
• 
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3.5 Distributions of variables 
The distributions of several variables included in the 
theory have never been measured and cannot yet be derived, 
The task would be complex and lengthy and may never have to 
be done. It was thought sufficient at this stage of 
presentation of these theories that reasonable assumptions 
of distributions would demonstrate the trends of the theory. 
The choice of the distributions in all cases depends on 
the isotropy (the same in all directions) in the bed of 
granular material. A material deviates from isotropy as soon 
as it is acted upon by an external force. Such a force is 
the confining pressure due to the weight of the material 
above the point being considered. The grains tend to 
reorientate to present their shortest axis to the force. For 
reorientation to occur the contacts on the particles must 
slide and form new contacts. It is feasible that light 
confining pressures are not sufficient to cause contact slide 
and the material will remain isotropic. A condition of both 
theories is that no contact slide occurs so the assumption of 
isotropy is reasonable if the material was initially 
isotropic. 
The velocity of propagation theory makes allowance for 
the change of geometry of the granules due to confining 
pressure but slide is not considered. 
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The angle (8) between a contact chord and a fixed direction, 
If the bed is isotropic (the same in all directions) 
theta (e) can only be affected by the positions of the two 
contacti'at each end of the contact chord. The case where the 
contacts are at any position on the particle surface is 
considered in the text, This cannot be strictly so since two 
contacts cannot be separated by an infinitely small distance, 
However it is reasonable to assume that the distribution o,f 
theta will be uniform about zero and will be random between 
the nearest possible contacts to the one where theta is 
measured, 
The distribution of the angle (S) between the normal to the 
common tangent at a contact and the vertical, 
If the granular material is considered isotropic it is 
implied that the particles are randomly orientated, The 
normal at a contact will tend to point to a hypothetical 
centre of a particle, If the contacts are randomly positioned 
on the particle surface then B will be randomly orientated to 
the vertical or any fixed direction, 
The distribution of the value of the vertical force (W) 
acting on each contact, 
The propagation of force in a granular material has 
been seen to be governed by many random effects causing the 
distribution of force to be normal, when distant from the 
source. The lattice of particles and contacts through which 
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the pressure is transmitted in a granular material is the 
main cause of the random effects. Consequently W is assumed 
to be random. 
The increment of increased load fiW acts. through the 
same lattice of particles and contacts as Wand is· 
consequently added directly to W. 
The distribution of the angle (~)in a horizontal plane. 
The direction of a contact chord to a fixed horizontal 
direction is described by lambda (~). The distribution is 
assumed random since lambda (~) is a special case of the 
angle theta (0). 
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CHAPTER FOUR 
EXPERIMENTAL WORK 
4,1 The Apparatus 
The apparatus was designed to permit the study of 
attenuation and propagation velocity of a vertical impulse 
travelling upward in a packed bed of granular material. The 
containing vessel was made of such a diameter that the angle 
of the limit of propagation of the impulse could be 
investigated and intensity measurements could be made before 
the vessel wall interfered with the propagated force, The 
general arrangement of the apparatus is shown in Figs, 30 & 31, 
An electromagnetic vibrator was mounted on a heavy 
concrete plinth which passed through the floor and was built 
integrally with a concrete foundation. Fig.32. This structure 
provided the vibrator with a total reaction load of 4,000 
kilograms. To reduce the effect of neighbouring vibrating 
machinery the . plinth was insulated from the floor of the 
laboratory, The vibrator was bolted into six steel rods 30cm, 
long 2,5cm. in diameter grouted into tapering holes in the 
plinth,. This structure was considered rigid during all 
measurements. 
The granular material under investigation was contained 
in a glass vessel 45cm. in diameter and 100cm. tall with the 
ends sealed by a base and lid of ground steel. Through the 
Central hole for 
filling and depth probe 
~I 
, 
CJ 
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Bottom disc- ~ 11 L ~ I;;:: 
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Fig30 The propagation apparatus 
Fig.3la A general view of the apparatus. 
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Fig.31b The glass vessel, suppo,rting framework and 
vibrator and trunnion. 
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base passed a piston which was connected to the vibrator and 
on which was mounted an interchangeable rigid input disc, The 
piston passed through two glands, Fig,33, The lower gland 
sealed the vessel so that experiments could be carried out at 
reduced gas pressure and the upper gland was to protect the 
vacuum seal from the material in the vessel, 
The vibrator was driven by a power amplifier to which 
an electrical signal was fed from a wave form generator, The 
impulse was detected as it passed into the bed of material by 
a piezo-electric force transducer mounted between the piston 
and the input disc, Fig,33, 
The impulse was detected at the surface by a second 
force transducer mounted between an aluminium receiving disc 
and a reaction load Fig,34, The receiving disc had an area of 
10,00 sq,cm, and rested on the material surface where it 
could be moved to any position, The ouput of the two 
transducers was recorded on an ultra violet oscillograph via 
separate charge amplifiers, Also recorded was the electrical 
signal to the power amplifier and a timing oscillation was 
superimposed, 
The principle of operation of the chart recorder was 
the reflection of ultra violet light from mirror 
galvanometers onto sensitive paper, The five galvanometers 
used had resportse frequencies at least twice that of the 
signal each.recorded, The chart speed was approximately 2,5 
metres per second, A diagram of the electrical apparatus is 
shown in Fig,35, 
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Fig.34 The input disc (right) showing the powder gland and 
tension protection cage. The receiver (left) is resting on 
the lower sealing disc ~f the glass vessel. 
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Charge 
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Fig.35 A diagram of the electrical apparatus. 
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The method of detecting the impulse at the surface was 
chosen primarily for simplicity, It was felt that the effect 
of a surface receiver on the system being measured could be 
estimated with greater ease than one embedded in the materia~ 
An embedded receiver would have a minimum size so that 
it measured the effect over a representitive sample of the 
material, but would have to be as small as possible to 
minimise the disturbance of the system, These parameters are 
conflicting and since any measurement beyond an embedded 
gauge would be affected by that gauge a measurement on the 
surface only was considered more accurate, 
The reaction load system was chosen, again for 
simplicity, It was essential that the receiver was mobile 
both horizontally to traverse the surface and vertically to 
allow the glass vessel to be further filled, An alternative 
would have been to have had the transducer mounted on an 
adjustable frame attached to the vessel upper sealing disc, 
In that case adjusting the position of the receiving disc 
vertically to coincide with the material surface would have 
been extremely difficult, The horizontal traverse problem 
would have been easier to solve, A support system for the 
transducer which would have allowed mobility would have been 
a vertical rod, Such a aupport would have induced complex 
reflections of the disturbance in the transducer and the bed 
of material, The reaction load system was thus considered the 
best to use. 
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The choice of transducers was made by considering how 
they would affect the system being measured, The quartz 
piezo-electric transducer had the lowest strain, i,e, highest 
Youngs modulus of those considered, Since a dYnamic system 
was to be measured and one particular measurement was to be 
the velocity of propagation, the quartz transducer was that 
which would introduce the least time delay in the measuring 
system, 
The oscillograph was chosen in preference to an 
oscilloscope since it could accomodate the five channels we 
wished to record, The fast chart speed allowed clear 
recording of the shortest time of pulse we could produce and 
would also record the decay of the pulse in the bed, It would 
have been impossible to record both of these accurately on 
an oscilloscope as the ratio of pulse time to time length of 
decay was about 1 to 50, A continuous record could be made on 
a camera but 'Polaroid' film was not available to produce a 
convenient record, 
The oscillograph produced a 15,2cm, wide record which 
developed on exposure to artificial light emitting little in 
ultra violet range, A permanent record could be made by 
chemical development and chemical fixing of the trace but 
this was carried out on only a few occasions since the record 
decayed extremely slowly, Consequently the undeveloped 
records were stored in rolls in a dark cupboard, 
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Modification of the apparatus was necessary for two 
propagation experiments; those to measure the rate and decay. 
of an impulse travelling vertically downward through the bed 
and those to measure the progress of a negative impulse 
travelling vertically upward. Traces of the three types of 
input are shown in Fig. 36. 
The change of the apparatus for experiments with the 
downward travelling impulse entailed removing the piston from 
the bottom sealing disc and replacing it by the force 
transducer rigidly mounted on the base. The receiving 
transducer was modified to measure the input in such a way 
that it withstood collision with a 2,54cm, diameter falling 
steel ball. The ball was released from an electromagnet 
suspended above the new input transducer. The general 
arrangement of this experimental apparatus is shown in· Fig. 37, 
The height of release of the steel ball was important only 
for reproducibility since the transducer system on the upper 
surface of the sand measured the impulse reaching the bed, 
The second modification for upwardly propagating 
negative impulse entailed making a 'cage' to protect the 
force transducer intension Fig. 38. Whilst the maximum 
compressive force measurable is 2000 kilograms the maximum 
tensile force acceptable is 100 kilograms, (This is due to 
the ultimate tensile strength of the phosphor bronze sheath 
which preloads the quartz discs in the transducers). Further 
preload was provided by the 'cage' which also protected the 
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(c) Force due to the weight of material reduced by 
the input disc. 
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transducer from rupture. The body contained the transducer 
and the lid preloaded it by tension in the set screws. Care 
was taken when mounting the lid to keep the load normal to 
the upper face of the transducer, Inaccuracy in reading and 
local areas of stress on the quartz discs of the transducer 
above the maximum permissible could be formed by non-normal 
force, The threads of the set screws were made loose fitting 
so that the torque on each screw could be measured, The 
tightening sequence is also shown in Fig o 38o The preload 
force on the transducer was measured from its output on an 
oscilioscope, 
The system for evacuating the granular material and 
subsequently filling the interstices with carbon dioxide is 
shown in Fig,39, The vacuum pump was connected via the 
pressure gauges to the vessel, Between the pump and gauges 
were two inlet pipes and valves; the first to inlet air and 
the second was connected to a cylinder of carbon dioxide via 
a pressure reducing valve, Two gauges were included, one 
indicating the order of magnitude of the vessel pressure and 
another reading from 100 to 0 millimetres of mercury, Since 
it was expected that the large diameter top and bottom discs 
would be difficult to seal on the vessel, two vacuum pumps 
were used in parallel, 
The problem of filling the experiment vessel with 
granular material was over-come at the expense of radial 
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Fig39The gas system and force transducer arrangement. 
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segregation, Any two horizontal sections of the vessel had to 
have identical properties so a continuous flow of material 
into the vessel was necessary, A pneumatic conveying system 
was used since it also overcame the problem of lifting the 
sand from the storage bins on the laboratory floor through a 
height of 3 metres into the vessel, Fig, 40, 
The conveying apparatus was designed so that sand 
enteredattheter~inal~elocrtyof the fraction being filled 
through a pipe in the centre of the partially evacuated 
vessel, It then arrived at the sand surface at the same 
velocity wherever the surface level in the vessel, The work 
of Kolbuszewski 44 suggests that both uniform settling 
velocity and intensity of deposition give uniform packing, To 
achieve uniform intensity of deposition a self feeding device 
was made for the pneumatic conveyor, Fig, 40, The conveying 
air was controlled by a valve which when admitting more air 
into the conveyor caused less sand to be drawn into the pipe, 
Since a specific porosity was not needed, merely uniformity, 
we achieved a uniform feed rate at that conveying air 
velocity depositing the material into the vessel at its 
terminal velocity, 
The radial segregation was due to the coarse particles 
having higher momentum than the fine, .A greater proportion of 
coarse particles were deposited in the centre than at the 
edge of the vessel, The sand tended to form a deposition cone 
but the conveying air, in flowing over the surface of the 
sand, carried some particles radially outwards as the air 
./ 
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achieved by partially 
evacuating areceiving bin 
and immersing the feed end 
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Fig. 40. The pneumatic conveyor. 
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moved to the outlet and the evacuating fan. The effect of 
this flow was to move centrally deposited sand to the outside 
thus tending to even the distribution. 
The depth of the bed of granular material between the 
input disc and the surface was measured by a depth probe from 
the upper sealing disc, Fig. 4~. The probe was made of a 
length of screwed rod with a British Association size '0' 
thread. The pitch of this thread is nominally one millimetre, 
and by measuring the number of threads exposed to a datum on 
the vessel upper sealing disc the depth of granular material 
could be found. The probe was made more accurate by clamping 
a boss holding a micrometer a measured distance from one end 
of the rod and measuring back to the datum with the 
micrometer. The depth probe is'shown in Fig. 4:1. 
4.2 Calibration 
The apparatus as';shown'in'Fig;"31 was set up with the 
knowledge gained during the preliminary experiments. No 
literature was found describing any similar experimental rig 
although help was to be found on propagation testing of 
cylindrical samples. Therefore the equipment was calibrated 
for sufficient accuracy for the experiments envisaged. The 
calibration covered two separate sections:-
(1) Mechanical performance 
(2) Transducer performance 
Micrometer 
mounted on a 
screwed boss 
Fig.41. 
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Mechanical performance 
The vacuum gland between the input piston and the lower 
sealing disc was made with the piston diameter 25 - 30 
microns smaller than the gland body, Such clearance on a hole 
10cm long presented an alignment problem which we could only 
overcome by means. of the non rigid mountings of the 
containing vessel. Alignment was checked with the vibrator 
driving the input piston sinusoidally and the receiving 
transducer measured the induced vibration in the vessel 
structure, The best alignment was that which induced a 
minimum vibration in the lower sealing disc, This was checked 
by looking for minimum interference on the sine wave trace 
from the transducer mounted on the input piston. 
The screwed thread of the depth probe was calibrated to 
give correct readings of the depth of granular material. 
Clear marks had been made every ten threads on the flattened 
side of the screwed rod, The boss holding the micrometer was 
clamped to one of the marks. The datum boss. which screws 
into the experimental vessel for measurements to be taken. 
was screwed right up to the micrometer boss. The micrometer 
was mounted such that it gave a zero reading when both bosses 
were in this position. The datum boss was then turned 
exactly 10 revolutions to screw it away from the micrometer •. 
Then the distances between both bosses was measured with the 
micrometer. The micrometer boss was then moved down to the 
next mark and the procedure repeated. In this way the 
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distance between every ten threads on the screwed rod was 
measured to ,,001 centimetre, The rod was found to be accurate 
to 1 millimetre on its one metre length at 20°C. 
Transducer performance 
All propagation measurements were to be made from the 
charts produced by the oscillograph and since event 
frequencies close to the limit of accuracy of the 
oscillograph galvanometers were to be recorded the recording 
circuits had to be critically damped. The damping circuits 
affected the current through the galvanometers and charge 
amplifiers so the whole transducer, charge amplifier, 
oscillograph system was calibrated by static loads on the 
transducers. 
A known mass was mounted on the transducer and the 
deflection on the oscillograph measured at a known charge 
amplifier setting. A charge is released from the quartz 
plates as load is applied and this charge is replaced from 
the charge amplifier as the load is released. After earthing 
the charge amplifier following measurement of the 
oscillograph displacement a negative displacement of the same 
amplitude resulted upon removing the load. This mass addition 
and removal procedure was continued to check linearity of 
both transducers and amplifiers whilst providing an overall 
calibration of force against oscillograph displacement. The 
curves are shown in Fig. 42. The frequency response of the 
whole system was limited by that of the galvanometers so 
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Fig. 42 Calibration curve of load against oscillograph 
displacement. 
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static calibration was valid for work in the range of the 
galvanometer response frequency, 
A correction of the output signal from the surface 
receiver was necessary, since the receiver accelerated when 
acted on by the force it was measuring, The mass of the 
transducer was a significant part of the receiver mass and a 
correction for the reduction of force at the quartz measuring 
plates due to the transducer mass was made, 
Figure 4.3 shows a sectional diagram of the surface 
receiver, Consider the mass of the transducer and receiving 
disc is m and the load on the receiver mass is M. The actual 
force at the surface is Fa and the measured force is Fm' Then 
at the surface of the granular material the force equation 
is~-
Fa = CM + m) a 
where a is the acceleration of all the receiver 
At the quartz plates the force equation is :-
F = M A 
m 
where A is the acceleration of the receiver load, 
Since the transducers used were those available with the 
lowest strain the system can be assumed rigid, i.e. The 
acceleration of the receiver load is the same as the 
receiving disc on the material surface, A = a, Then:-
F = Fm (M.+m) 
a M 
The receiving disc area was 10,0 square centimetres. It 
was thought that a correction was necessary to account for 
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the variation of local force on the disc, The correction 
equation is developed in appendix C" and its significance is 
discussed, 
The oscillograph maximum chart speed allowed two events 
separated in time by ,0004 seconds to be recorded 1 
millimetre apart, In order that the traces could be used with 
confidence some measure of the speed stability of the system 
was necessary, A close to 2,000 Hertz vibration was monitored 
for deviation from set frequency by a frequency counter and 
recorded simultaneously on the oscillograph, The trace 
produced was measured by a cathetometer over ten sets of ten 
adjacent trace peaks, the ten sets being 100 milliseconds 
apart, The standard deviatibnof the distance between the 
peaks in each set was between 11,5 and 12,5 microseconds, 
this being a measure of oscillograph speed stability and 
measurement accuracy, The frequency response of the 
oscillograph galvanometers which recorded the transducer 
output, limits the accuracy of the system to events lasting 
100 microseconds or more, The accuracy of oscillograph paper 
speed and trace measurement was therefore insignificant, 
4,3 E~perimental procedure 
The main objects of the experiments were to measure the 
velocity of propagation, the limiting angle of propagation 
and the decay of an applied impulse in a granular material, 
For this the glass vessel was filled with sand to a measured 
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depth and an impulse was applied to the sand, The 
characteristics of the propagating impulse were measured at 
the surface, 
The electrical equipment was checked before the vessel 
was filled since difficulty was frequently experienced with 
the connections to the piezo-electric transducers, The 
insulation resistance of the connections had to be of the 
same order as the resistance in the charge amplifier circuit. 
However since the connections were embedded in the sand it 
was extremely difficult to keep the connecting surfaces dust 
free, The pneumatic filling process invariably filled the 
vessel with extremely fine quartz particles which,when on 
the connection surfac~much reduced the insulation resistance, 
If the oscillograph traces remained stationary (no drift) 
before filling the vessel an experiment was conducted, No 
maintenance to the input transducer was possible when the 
vessel was full, in consequence some experiments gave 
spurious results, 
The vessel was filled with the pneumatic conveyor, The 
evacuation fan was connected to the sealed vessel and the 
conveyor pipe immersed in the sand. The conveying air valve 
was adjusted such that the sand entering the vessel was close 
to its terminal velocity, and such that conveying was 
continuous, Care was taken to ensure that the feed inlet to 
the conveyor was immersed in sand until the required depth 
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was achieved, 
A small pile always formed in the centre of the surface 
of the sand during filling; The shape was approximately 
, 
conical, being constantly 5cm high and 30cm in diameter, The 
cone was levelled to provide a flat surface by rotating a 
horizontal straight edge across the diameter of the vesselo 
The level of the prepared surface was checked with a spirit 
level in two horizontal directions at right angles to each 
other, The height of sand at the surface which was caused by 
levelling the conical pile was 7 millimetres, Since it was 
not known how this levelled volume of sand would affect 
propagation of force, no correction could be made, Such a 
zone was formed at each level in the bed, 
After filling and levelling,the receiver was carefully 
placed at the centre of the surface ensuring that it rested 
horizontally, The depth of the bed of material was measured 
with the depth probe Fig, 41. The probe was screwed down 
through the datum boss attached to the top sealing disc, When 
the pointed end just touched the top of the receiver, the 
micrometer boss was clamped to one of the calibrated marks on 
the probe screwed rods, The distance of the calibration mark 
from the datum was measured with the micrometer, A similar 
procedure had been carried but when the vessel was empty to 
locate the input piston, The depth of material in the vessel 
was then calculated by subtracting the measurement to the 
receiver from the empty vessel measurement, Account was taken 
of the receiver thickness and the deflection of the input 
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disc due to the weight of the bed, The deflection was 
measured with a cathetometer focussed on a knife edge on the 
vibrator table, 
The peak force and duration of the input impulse to be 
applied to the granular material during the propagation 
measurements were determined by two series of experiments, 
The receiver remained in the centre of the surface of the 
same bed of material for both series, The first investigated 
the effect of the pulse width at a fixed peak force (Run 7,) 
After the measurements to characterise the bed of 
granular material an impulse was applied to the vibrator, 
This was done by switching a positive half-sine wave from the 
signal generator into the vibrator power amplifier, The peak 
force on this occasion was chosen for convenience as that 
which gave an output at the receiver which was clearly 
detectable above the receiver noise, (The noise was mainly 
due to incomplete rectification of the power to the field 
coil of the vibrator and mains frequency picked up in the 
input stages of the power amplifier,) The width of the 
applied pulse was varied from 1 millisecond to 10 
milliseconds where it became difficult to identify the limits 
of the pulses on the oscill~graph record, The results of this 
experiment are shown in Fig, 45, 
It had been reported in the literature that higher 
stresses could pass through a granular material at high rates 
of loading, The peak of propagated force at short pulse 
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widths shown in figure 45 suggested this to be the case with 
sand. The use of vibration to cause packing and shear force 
reduction requires that the propagation of the force from the 
source should be as efficient as possible. It was assumed 
that the half-sine wave pulse which we applied behaved in a 
similar fashion to a half cycle of continuous vibration. The 
evidence of similar propagation phenomena for a shock wave 
and vibration at resonant frequency of Selig and Vey 97 
suggested it to be so. Thus it was thought that the 
investigation of propagation phenomena in the region where 
less impulse was dissipated was technically of more interest. 
It·· was therefore decided to conduct the experiments at a 
pulse width of 1.25 milliseconds. 
The second series of pulse characteristic measurements 
entailed varying the peak height of the pulse at the width 
already established,(Run 8.) The pulse height was varied from 
10 4 dynes per square centimetre which caused an impulse at 
the receiver undetectable above the noise level, to 10 5 dynes 
per square centimetre which was just below the failure. 
condition of the input transducer in tension. A graph of the 
results of this experiment is shown in Fig. 46. The impulse 
ratio and peak height· ratio was constant. It was felt 
therefore that that input peak force most convenient for 
individual experimental conditions was the best to use. 
The effect of the number of impulses applied to the bed 
was investigated (RunlL) The vessel, initially empty. was 
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filled and the depth of sand measured with the receiver 
carefully placed in the centre of the surface, An impulse 
propagation measurement was taken with the first series of 
pulses, A known number of unmeasured pulses were applied to 
the bed followed by a further measurement, This was continued 
until five measurements had been taken and two hundred pulses 
had been passed, The sand was then compacted by inverting the 
commercial packer, used in the preliminary experiments, on 
the surface whilst vibrating the input piston, After 30 
minutes compaction with both vibration sources vibrating at 
50 Hertz a further measurement of pulse propagation was made, 
Two more measurements were taken after a total of one hour's 
compaction and after three hours, 
The effect of the number of pulses applied to the bed 
of material on subsequent pulses is shown in figure 47, It 
was found that reproducible results were only obtained after 
packing and in consequence continuous vibration was applied 
to the sand before a series of experiments were conducted at 
each bed depth, 
Subsequent propagation experiments were performed at 
the conditions then established, A summary of all experiments 
is shown in Table 6, and a summary of important experimental 
conditions in Table 7, 
The procedure for a propagation experiment was to 
fill the vessel to the smallest bed height of the series, The 
input disc was vibrated at 50 Hertz for 15 minutes, The bed 
RUN 
NUMBER 
1 and 2 
3 and 4 
5 
6 
7 
8 
9 
10 
11 
12 to 15 
16 & 17 
18 & 19 
20 
21 to 36 
37 to 41 
42 to 46 
47 
48 to 50 
51 to 53 
54 & 55 
Table 6 
GRANULAR 
MATERIAL 
Fine sand 
Fine sand 
Fine sand 
Fine sand 
Fine sand 
Fine sand 
Fine sand 
Fine sand 
Fine sand· 
Coarse sand 
Fine sand 
Various 
Fine sand 
Various 
Coarse sand 
Fine sand 
Fine sand 
Fine sand 
Coarse sand 
Coarse sand 
PURPOSE 
Calibration 
Propagation investigation 
Evacuated voids 
Carbon dioxide in voids 
Effect of pulse width 
Effect of peak force 
Effect of receiver load 
Obtained conditions for 11 
Effect of pulse history 
Propagation investigation 
Propagation investigation 
Eliminating electrical 
fault 
Propagation in thin bed 
Eliminating faults and 
developing mechanics 
Propagation in thin bed 
Propagation in thin bed 
Obtained conditions for 48 
Propagation downward 
Propagation downward 
Propagation of negative 
pulse upward 
A summary of the experiments, 
RESULTS 
TABLE. 
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D3 and 4 
DS. 
D6 
D7 and 8 
D9 
DIO 
D11 
D12 to 15 
Dl and 2' 
D16 
D17 to 21 
D23 to 27 
D28 to 30 
0.31 to 33 
RUN 
NUMBER 
3 to 6 
7 
8 & 9 
11 
12 to 15 
16 & 17 
20 
37 to 41 
42 to 46 
48 to 50 
51 to 53 
54 & 55 
INPUT 
DISC 
DIAMETER 
CM. 
14,95 
14.95 
14.95 
14,95 
14,95 
14,95 
14.95 
6,7 
6,7 
3,18 
3.18 
6,23 
OUTPUT 
DISC 
DIAMETER 
CM. 
3.56 
3.56 
" 3,56 
" 
3:56 
3,56 
3,56 
3,56 
3.56 
3.56 
3,56 
3,56 
3.56 
RECEIVER 
REACTION 
LOAD 
GM. 
45~1 
458,1 
, 
458:1 
458,1 
458,1 
458,1 
458,1 
60,8 
60,8 
88,4 
RESULTS 
TABLE 
D3 to 6 
D7 & 8 
D9 & 10 
D11 
D12 to 
D1 &: 2 
m6 
u17 to 
D23 to 
D28 to 
D31 to 
D34 to 
15 
21 
27 
30 
33 
35 
Table 7 A summary of important experimental conditions, 
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was then levelled and the depth measured, The receiver was 
located at the centre of the surface by means of an aluminium 
rule which closely fitted the diameter of the vessel, The 
rule was calibrated with the centre of the vessel and with 
radial distance in one millimetre divisions, An impulse was 
applied with the receiver in the centre of the surface, For 
each experimental condition four separate impulses were 
applied when the bed showed no trace of the previous pulse, 
The experiment was only considered valid if there was no 
difference between the traces produced by the four pulses, 
The receiver was then moved radiallyoutward to the 
next position, usually in 2 centimetre steps, A further set 
of impulses was applied before the receiver was again moved 
to a new radial position so that a radial traverse was made, 
The traverse ended when either the wall was reached or no 
impulse was detected at the surface, The receiver was 
returned to a central position at the end of a traverse and 
an impulse measured, This checked that the bed had remained 
stable during the traverse, 
The receiver was next removed from the vessel and 
the top sealing disc replaced, More sand was conveyed into 
the vessel to the next height to be investigated, The new bed 
was vibrated for fifteen minutes before a traverse of impulse 
measurements was made, The system of filling and taking 
results was continued until all the sand was in the vessel, 
The vessel was emptied pneumatically, A receiving 
vessel was evacuated by the conveyor fan and the conveyor 
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inlet end immersed in the sand, The vessel was always emptied 
completely, 
The measurement procedure was repeated for a bed of 
granular material evacuated of the interstitial air, The bed 
which was evacuated had previously been investigated with air 
in the interstices, Each time the receiving transducer was 
moved to a new radial position the vessel had to be re-
evacuated since the top sealing disc of the containing vessel 
had been removed, The pumping operation took five minutes 
with the aid of a second vacuum pump, Evacuation caused the 
input piston to be slightly drawn into the vessel but a 
cathetometer measurement of the knife edge position on the 
vibrator again located the input disc precisely; thus 
allowing an accurate bed depth measurement, 
After the measurements in the evacuated vessel were 
completedncarbon dioxide was sUbstituted for air as the 
interstitial gas, The object of this was to produce a third 
set of results to allow extrapolation of effect of the medium 
in the interstices, To fill the vessel with carbon dioxide it 
was initially evacuated of air, then flooded with the gas 
before re-evacuation, A second flooding of carbon dioxide 
provided the interstitial gas for the experiment. The gas 
replacement procedure was repeated after each relocation of 
the receiving transducer, The bed of material investigated 
was the same as that evacuated and had had air filled pores 
for one series of experiments, 
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The Random Chord size analysis described in section 2,9 
is being developed at LQughborough, The latest tech~ique was 
to set a representative sample of the granular material in a 
resin glue. taking care to avoid segregation, Once hardened 
the resin was sectioned on a diamond wheel and the surfaces 
of the section polished, A high contrast photograph was 
produced of the polished surface which was analysed by either 
a computer scanning technique or a visual scanning method, 
The computer technique entailed scanning the 
photographic image with a photocell, The lines of scan were 
straight and the co-ordinates of their intercepts with the 
particles were recorded, The random chord distribution was 
then computed from the co-ordinates, The manual method 
entailed measuring the lengths of chords on many lines drawn 
across the photograph and plotting their number distribution, 
Both techniques rely on scanning along a line in a 
fixed direction, For the lines on the solid to be random 
chords by definition, the particles must be randomly 
orientated in space, To achieve this. the particles must be 
set in the liquid resin without sedimentation, 
The shear strength of the granular material used in our 
experiment was measured, The shear cell used was a modified 
form of the Jenicke cell and comprised upper and lower rings, 
The material was consolidated by three different normal loads 
and measurement was made at normal loads below that used for 
consolidation, 
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The technique was to fill the cell with granular 
material with the two similar rings fastened together one 
above the other. A close fitting piston was placed inside the 
upper ring and the material consolidated by a normal load 
above that at which the tests were to be carried out. After 
consolidation, the cell was placed in a retaining ring such 
that the lower ring of the cell was located laterally. The 
normal load at which the test was to be made was applied to 
the upper surface of the material, The upper ring was then 
forced laterally until the material. failed, The shear force 
divided by the area of the sheared face was plotted against 
the normal load, 
The measurements were carried out three times; the 
material consolidated at three different loads, The procedure 
was repeated with the second material. 
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CHAPTER FIVE 
RESULTS AND DISCUSSION 
5,1 The experimental conditions 
The increase in propagated impulse at high rates of 
loading reported in the literature was found for sand in our 
experimentso Figure 44 shows the ratio of output/input impulse 
per unit area for increasing width of applied pulseo It can 
be seen that the output/input ratio increases as the pulse 
width decreases, the increase beginning at the upper limit of 
loading rate investigated by Whitman and Healyo It became ~ 
increasingly difficult to detect points of interest on 
recordings of pulses of duration in excess of 15 milliseconds. 
and the level portion to the right hand side of the curve 
can vnly be assumed to extend to much longer pulses, Since 
no further data was obtained it was assumed that the value 
of output/input ratio for the level portion of the curve was 
that found with infinitely slow ratios of loading and, in 
consequence, will be refered to as the static caseo The peak 
value of output/input ratio is in the order of 300% higher 
than the static case, an increase of the same order as that 
found by Casagrande and Shannon for clayo 
Experiment could proceed with few shorter pulse widths 
beyond the peak value due to the limitation of the equipment 0 
The trend suggested by the shortest pulse width experiment 
is that the output/input ratio of impulse begins to decrease 
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beyond the peak but evidence is very scant. 
It is of technical importance that such a peak of 
output impulse exists since a much higher impulse can be 
propagated into a granular material at that pulse width. It 
is a matter for further work whether the same phenomena 
exists for continuous vibration at the same half cycle width. 
The experiment to detect whether there was any 
difference in propagation behaviour due to increasing peak 
applied force showed no change,Figure 45. It was of 
interest whether a change from propagation via purely 
ela~tic particle deformation to propagation via non-
recoverable deformation was detectable. The lower limit of 
applied force was that which produced a measurable trace 
from the output transducer. No technique was known which 
could detect whether, at that level of force, propagation was 
purely by elastic forces. However increasing peak force to a 
level which threatened to rupture the input tranSducer in 
tension, showed no deviation from a straight line. Peak force 
conditions could be subsequently chosen for convenience. 
The compact ion effect of the applied pulses and their 
effect on propagation was investigated, Figure 46. It was 
found that the number of pulses applied to. a newly filled 
bed of sand changed. propagation behaviour. The larger the 
number of pulses applied, the more strongly the force 
propagated. This was to be expected since applied pulses were 
of sufficient force to reorientate the particles whilst not 
reducing the overall porosity of the sand, Kolbuszewski had 
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observed similar phenomena, The vibration compaction of the 
sand produced no further changei~ the propagation behaviour 
of the mass, Vibration was subsequently applied to each bed 
of granular material investigated to stabilise the 
propagation behaviour, The sand was not visibly compacted 
during the vibration, however more uniform results were 
obtained, 
The random chord size of the two fractions of sand 
investigated is shown in Figure 47, The best technique 
available when the samples were analysed was that of 
measuring the lengths of projected chords on a microscope 
slide of a representative sample of the material, The 
disadvantages of the method are that the particles are 
randomly orientated on the slide and that not enough 
measurements could be taken for accurate distribution, 
However more recent techniques of analysis have not been 
available due to incomplete development work, It was felt 
that Figure 47 gives an idea of the random chord size 
distribution of our materials, although a better analysis is 
required for strict application to the theories developed in 
the Thesis, 
Segregation in the glass vessel is shown in Figure 48 
and the mechanism which caused it is discussed on page 178, 
Insufficient evidence of the dependence of propagation 
phenomena on the size of the material has been obtained to 
suggest what part the segregation has to play in the 
propagation observed, It was felt, however, that uniform 
conditions existed on each horizontal plane within the bed. 
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The shear strength characteristics of the two gradings 
of sand used in the experimental work are shown in Figure 49. 
It was intended to relate the measured shear strength to the 
predicted profile of force within the granular material, 
however, not enough is yet known about the confining pressure 
normal to the predicted force to be able to define a shear 
strength at any point in the bed, It can be seen however 
that once the lateral pressure is known, due to both static 
and dynamic force, the shear strength of the material can be 
predicted at each point, Failure of the granular material 
will then occur if the force profile exceeds the local shear 
strength of the granular material, 
5,2 Results 
Measurement of force profile at the surface 
The traces produced during the radial traverses of 
three bed surfaces to form the profile of force there, are 
shown in Fig, 50, The figure is of tracings of the actual 
record reduced to about one quarter of full size and is 
intended only to be illustrative, Measurement was taken from 
the actual record. Only that output trace which corresponded 
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to the initial input was considered, The measurement of the 
areas of the pulses and their height being taken for 
calculation of impulse ratio and force ratio respectively, 
The output trace which continues after the initial peak 
likely holds information on the reflection behaviour of the 
system, however, no attempt was made to extract information 
from that part of the trace, Figure 50 shows the output peak 
decreasing as the receiver was traversed radially outward 
from the centre of the surface until it is no longer 
detectable above the noise level, 
The velocity of propagation of the applied force in the 
granular material was measured by counting the superimposed 
standard frequency oscillations, Measurements were taken from 
the traces produced during the traverse of two beds to 
decide between which points the velocity should be calculated, 
Measurements were made between the start of the input and 
output peaks, the midway points on the rise of each, the 
peaks, the midway points on the fall and the point where each 
peak reached or recrossed the base line, There was no 
significance between any of the points measured and in 
consequence the distance between the beginning of the traces 
was measured, When this was not clear the peak-peak distance 
was compared with the probable distance between the beginning 
of the trace and if the two appeared of the same order the 
peak-peak distance was recorded, 
The force profiles at the surface which were recorded 
are shown in Figures 51 to 56 inclusive, It can be 
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immediately seen that the majority of the curves have the 
form of the Gaussian (Normal) distribution as predicted by 
Smoltczyk, The behaviour of the. curves is to broaden and 
flatten as the bed depth increases and the peak value of 
output/input force ratio is in all cases on the central axis 
of the applied force, 
The peak value for output/input ratio of force per unit 
area for the shallowest bed of each investigation is in 
excess of one, This is of great interest since it suggests 
that higher forces per unit area than one applied can be 
produced within a bed of granular material, Before attempting 
to explain how this could be so, a possible measurement or 
calculation error will be discussed, 
The ratio of output/input force or impulse per unit 
area is calculated by:- R = ~~~ where 0 is the output, I is 
the input, AI, Aa are the input and output areas respectively, 
Whereas the actual output 0 cannot exceed the input I,it is 
clear that if the input area is larger than the output area, 
R can exceed one, If the medium between the output and 
input were a fluid then R would always be one, however, if 
the. medium between were a solid 0 would equal I and R would 
be the ratio of the areas of the input/output, A granular 
material can be expected to behave in an intermediate way, 
w~th 0 ~ I and consequently R varying from 0 to AI/Aa, 
However a granular material can cause an error if the value 
of Aa is used in the calculation, 
Consider a load W acting on a circular area Aa on the 
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surface of a granular material. Let W be a value such that 
the surface sinks under Ao, In sinking, the surface 
compresses a frustrum of a cone of sand with the loaded area 
at the apex. Sinking would continue until the larger circular 
area at the base of the frustrum can spread the load of W, 
and the uncompressed sand below the compressed region can 
support the load, 
Such is the situation below the loaded receiver used in 
the experiments, The cone of compressed sand is more rigid 
than the surrounding material and consequently forms a 
mechanical coupling with the receiver, The base of the 
compressed zone reacts to forces over a larger area than on the 
surface and, if there are no losses in the compressed region, 
couples the higher force to the receiver, The output 
force 0 would be higher than that measured by an unloaded 
surface receiver, In order to correct for the enlarged value 
of 0 the actual area over which the receiver measures would 
need to be included, However no attempt was made at the 
correction in view of the complex problems involved, 
It can be seen that even with the correction for 
receiving area a value of output/input force ratio greater 
than one could exist, For this to be so the granular material 
between the input and output must behave like a solid which 
could happen in two ways, It has been seen that the 
experiments were conducted at very high loading rates, where 
lateral inertia effects were apparent, Lateral strain 
cannot develop as fast as is necessary because of the inertia 
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of the grains, Consequently the material behaves more rigidly 
than if loaded more slowly. The granular material is also 
made more rigid as it is compressed by the applied force, in 
a similar way to the compression below the receiving disc. 
Both lateral inertia and compression tend to make the 
granular material more rigid and in consequence force can be 
propagated as if through a solid, Hence the value of R can 
exceed one, 
The experiments designed to detect the effect on 
propagation of the interstitial gas showed no effect, The 
measured force profiles of each experiment were within the 
limits of experimental accuracy to each other, Whilst all 
care was taken to ensure reproducibility of the results, an 
cperation such as evacuating and reflooding the interstices 
with gas likely affects the orientation of some of the 
particles. Consequently small deviations in reaction to an 
applied force occured which masked any small change due to 
different interstitial gases, 
Measurement of velocity of propagation 
The accuracy of velocity of propagation measurement 
depends very much on the intensity of the output force, In 
all cases a noise oscillation was detectable on the output 
trace and unless the peak due to the received force was much 
higher than the noise level,difficulty was experienced in 
measuring between the beginnings of the peaks. Variation in 
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velocity was always found as the distance from the centre of 
the surface increased. The values at the centre and at 2 and 
4 centimetres radius were usually used to calculate the 
velocity for that bed height. 
The velocity of propagation at the central axis of the 
bed of two sizes of sand is shown in Figure 58. No 
significant difference is detectable between the data for the 
coarse and fine materials. The best straight line is drawn 
through the results and the prediction of the present theory 
is also shown. 
The line through the results has a slope differing from 
the one sixth power of the confining pressure, a dependence 
commonly predicted and occasionally measured. The results 
have a steeper slope and fit well with those of many workers 
shown in Figure 60. 
The variation of velocity with radial distance is shown 
in Figure 59. It was found that the results of the downward 
propagation of force experiment showed much less scatter than 
those for upward propagation. These results clearly show the 
trend of velocity increase with increasing depth of material 
and also a decrease with radial distance. The increased 
distance between the measuring point and the source accounts 
for the radial decrease. 
The downward propagation of force into the containing 
vessel tends to compress.the granular material. The structure 
of the material is stabilised by the pre-experiment vibration 
and consequently good reproducibility was achieved. In the 
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case of upward propagation of force the applied disturbance 
lifts the material and then allows it to fall back, thus 
increasing the possibility of disturbance of the structure of 
the material. In that case the reproducibility was not as 
good. 
The two experiments conducted with a negative pulse 
propagating upward (i.e. the source in the bottom of the 
granular material was retracted away from the material) are 
also shown in Figure 59. The force profiles showed little 
variation with radius and the velocity curves shown there 
are inconclusive. It is clear that the velocity of 
propagation is much lower than that in compression 
experiments but that is likely due to the lower rate of 
acceleration of particles due to gravity alone. 
The intention in conducting the negative pulse 
experiments was to observe the behaviour of the other half 
cycle to the compression pulse in a continuous sinusiodal 
'/ibration. It had been suspected that the recovery part of the 
cycle (negative pulse) was a much slower process, primarily 
since the driving force involved is much lower than the 
compression. The result suggests that it is reasonable to 
assume that continuous vibration is a succession of positive 
pulses as long as there is sufficient time for recovery to 
take place. More work is needed to verify the application of 
this work to continuous vibration. 
It was noticed in the results that the width of the 
output pulse varied with the experimental conditions, 
Figure 61 shows the variation with bed depth and Figure 62 
shows the variation with radial distance. In both cases the 
ratio of out/input width decreases with distance from the 
source. 
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A possible explartati6n. of the decrease in pulse width 
ratio is due to the compression of the bed due to the applied 
force. The bed compresses as the force is applied to state of 
more rigidity. The more rigid state then transmits the 
remainder of the pulse relatively unchanged in shape or form. 
Upon unloading the output follows the input until the bed 
begins to expand. Thus only the upper part of the applied 
force pulse reaches the surfaces. 
5.3 Theoretical predictions 
The predicted velocities from the theory are shown on 
Figure 60. The values of constants for the granular material 
are only approximate, the predicted velocity is too 
low, and the curve has too steep a slope. The slope is due to 
the velocity being predicted to the half power of the 
confining pressure which is markedly different from the 
common prediction of variation of velocity to the one sixth 
power of pressure. Such a prediction is obtained when the 
Hertz theory of contact deformation is used. The theoretical 
prediction here is in the right direction since the 
experiments of many workers show a greater dependence on 
pressure than the Hertz theory suggests. 
It can be seen in the theory that a simplification was 
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made to facilitat~ the computation of a value of velocity. 
The simplification entailed neglecting terms of pill and a 
constant term, as well as other functions of p, in the 
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vdp .. 
equation - dV' The evaluation of these terms may 1mprove the 
prediction, in fact inclusion of the pill term, if negative, 
will bring the predicted dependence of velocity on the 
pressure to a slope parallel to the best line through the 
results. Evaluation of all the. constants will show the change. 
It is significant that the inclusion of tangential 
compliance at an interparticle contact has changed the form 
of the dependence of velocity on pressure. It has previously 
been theoretically impossible to break from the one sixth 
power dependence. It is to be hoped that complete evaluation 
of the proposed theory will produce more accurate predictions 
than at present. It is felt that the above evidence suggests 
such a step would be valuable. 
The prediction of Poisson's ratio of a granular 
material as an interim step in the calculation of velocity of 
propagation can be checked against that value for sand. The 
figure for sand is commonly accepted to vary between .2 and 
.3. The predicted value, taking solid material Poisson's 
ratio as .16 and the coefficient of sliding friction at a 
contact as .2, is .29 which is an acceptable prediction. Much 
more experimental evidence is necessary for the theory to be 
accepted. 
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The predicted force profile is shown in Figure 63. The 
values are much lower than measured although the curves 
broaden and flatten as the depth of the bed increases. The 
curves were computed for the same bed depths as the series of 
results shown in Figure 53. In evaluating the equation for 
~ 
profile of force it was necessary to make an assumption of 
the value of the second moment of the contact chord 
distribution. The value assumed had little physical 
significance and may possibly account for the low predicted 
values. An earlier equation for force profile (reference 126) 
showed better agreement with experiment when the total force 
on the surface was equated to the area under the predicted 
profile. The present equation varies with bed height and 
particle size in the same way but differs by the inclusion of 
porosity and a more. complex dependence on the radial distance 
on the surface (D). 
If the constant terms are evaluated by one experiment 
the theory follows practice as well as the prediction in 
reference 126. However the intention was to predict the 
profile from ba~ic properties of the constituent grains but 
this cannot be done until the actual value of the second 
moment of the contact chord distribution is found as well as 
a more accurate value for the mean random chord. 
Figure 64 shows the dependence of peak measured force 
on the depth of bed. The separation of the two sets of curves 
is due to the different loads on the receiver. This is 
verified by the continuation of the curves of runs 37 to 41 
and 42 to.46 by the similarly loaded runs 51 to 53 and 48 to 
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50 respectively, It can be seen that the fine material 
results and those for the coarse have a dependence on depth 
close to the inverse of the square root of bed depth. ~uch a 
relationship is predicted for the profile at the centre of 
the surface where D = 0, 
5,4 Further work 
It has been shown that a random chord size analysis has 
physical significance and that it can be used to evaluate 
the behaviour of granular material, However since the second 
moment of contact chord cannot yet be derived from the random 
chord analysis the accuracy of prediction cannot be 
completely assessed, It is felt that the present results 
suggest that evaluation of the second moment of contact chord 
would be valuable, 
Throughout the thesis only single pulses have been 
considered and the validity of assuming continuous vibration 
is a succession of applied pulses must be evaluated, When 
such an assumption is valid the profile of effect of 
vibration in a granular material will be known, Sufficient 
information is available in the literature to define powder 
behaviour at a point given local vibration conditions, 
It is clear that a more fundamental approach is 
necessary in the study of the contact of irregular particles, 
Particular problems are:-
(1) What is the shape of the surface of a contact between 
two points of different radius of curvature? 
(2) What is the distribution of normal stress? 
(3) If the surface of contact is not flat, as it is 
unlikely to be, how does the fitting of one particle into 
, 
the other affect the coefficient of friction there? 
(4) How does a complex contact surface shape affect the 
distribution of tangential stress? 
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If these points can ever be evaluated an approach to 
relating the bulk powder properties to the properties of the 
basic grains has been demonstrated. 
The theory presented here considers only interparticle 
• 
contacts which do not slide. Such an approach limits the 
prediction of flow behaviour to only the onset of non-
recoverable deformation. A study of the compressional 
behaviour of granular material when contact slide is 
considered will predict the magnitude of non-recoverable 
deformation. Such a study would also be of value for the 
prediction of the onset of compaction. The present study 
can only predict the onset of bulk flow with the aid of bulk 
strength data of the material. 
CHAPTER SIX 
CONCLUSIONS 
1 The distribution of force on a plane normal to the 
direction of propagation of force has the form of a Normal 
(Gaussian) distribution, 
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2 The greatest force is propagated along the central axis 
of the direction of the applied force, 
3 The greatest force on the central axis decreases with 
increasing distance from the source, The decrease is 
approximately a function of the inverse of the square root of 
the distance from source, 
4 Sand transmits a higher impulse at high rates of loading, 
A 300% increase was recorded. 
5 The ratio of output/input force on the central axis is 
linear with applied force in the range investigated, 
6 The velocity of propagation of a disturbance is the 
same whether propagated vertically upward or downward in a 
bed of sand, 
7 The velocity of. propagation of a disturbance of 
downward displacement, propagating vertically upward is lower 
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than the velocity of propagation of a compressive disturbance. 
8 The velocity of propagation to radially displaced points 
on the surface is lower but the decrease is accounted for by 
the increased distance of travel, 
9 The velocity of propagation measured in this apparatus 
with distant boundaries is comparable with the velocity 
measured by the resonant column method and by measuring the 
time of arrival of a pulse in a small diameter cylindrical 
sample, 
10 A discrete particle approach has been used to predict 
the variation of force profile but not the absolute value of 
force, 
11 A discrete particle approach has been used to predict 
the values of bulk granular material Poisson's ratio, 
12 A discrete particle approach has been used to attempt 
to predict the velocity of propagation in a granular material, 
13 The inclusion of the tangential stress in the dynamic 
behaviour of an interparticle contact has resulted in an 
equation for the velocity of propagation which is not 
dependent on the one sixth power of confining pressure, The 
one sixth power result is inevitable when the Hertz theory 
of contact deformation is used, 
APPENDIX A 
Rules of procedure of the Gontact Theory developed by 
R. D, Mindlin and H. Deresiewicz, 
Rule 1 The radius of (a) of the contact surface 
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and the distribution of the normal component of stress (n) on 
it are given by the Hertz formulae; 
1 
a = ~(l-~~ N' RJ 3 
Rule 2 With every application or change of 
Ai 
Aii 
tangential force (T), slip will be initiated whenever, in the 
absence of slip, the local component of tangential stress (t) 
at any point, exceeds the product of a constant coefficient 
of friction (~) and the normal component of stress (n) at 
that point, Fig. Ai, 
Rule 3 Slip, in the direction of the force 
causing it, progresses concentrically, radially inward from 
the boundary of the contact surface, forming an "annulus of 
slip~ 
Rule 4 The small lateral component of relative 
tangential displacement which accompanies the major slip in 
I 
I 
-I~ , 
applied I 
I force N, 
I , 
• 
tN , 
I , 
t .. 
(without 
,np) I 
.I 
§ I-- displacement 
2, 
I 
" " 
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sphere 
surfaces 
Fig.Al Distribution of normal (n) and tangential(t} stress 
on the contact surface of two spheres. 
the direction of the applied force produces a lateral 
tangential stress. which is neglected. 
Rule 5 At any point on a contact surface. the 
magnitude of the tangential component of stress is at most 
equal to the product of a constant coefficient of friction 
and the normal component of stress at that point. The 
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equality necessarily holds at a point at which slip has just 
occured. in which case the stress has the same sense as the 
slip. 
Rule 6 The adhered portion of the contact surface. 
i.e. the portion encircled by an annulus on which slip 
occurs. is subjected to a change of tangential stress and 
undergoes a rigid-body tangential displacement. The radius of 
the adhered portion. the distribution of the stress and the 
magnitude of the displacement (8) are obtained from 
Cattaneo's and Mindlin's Formulae; 
1 
c' = a [1 _ .L] 3" 1l N Aiii 
t = 31lN' (a 2_ b 2 ) c'<b<a 
21Ta 3 
} Aiv 1 1 
t = 31lN (a 2_ b 2)2 - ( '2 c - b 2 )2 b<c' 
21Ta 3 
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I [1 -::J /) = 3(2-v) llN 8 s a Av 
1 
[l-llTN] 
-} 
d/) 
= 
(2-v) 
dT 4sa Avi 
Rule 7 Beginning with an equilibrium position, for 
which the displacement and the distribution of stress have 
been established in accordance with the preceding rules, the 
effects of a change in the state of loading are obtained by 
advancing to the desired state through a sequence of 
equilibrium positions, each of which is obtained from its 
predecessor by applying Rules 1 to 60 
241 
APPENDIX B 
Volume, area and length fractions of a dispersed 
component in space. 
The problem of sampling a three dimensional system by 
11 .. 
means of a two dimensional microscope slide led E.R. Weibel 
to demonstrate the principles developed by Delesse 29 in 1842 
and Rosiwa1 95 in 1892. 
Delesse stated that a planar section through space 
containing a dispersed component, cut a fraction of area of 
the component equal to' the fraction of volume it occupied. 
Rosiwal extended this principle to a line through space. He 
stated that the fraction of line passing through a randomly 
dispersed component in space is approximately equal to the 
fraction of volume occupied by the component. Weibel extends 
Rosiwal's principle to an exact equality when accounting for 
the sample size. 
The demonstration of these principles is as follows. 
Delesse:-
Suppose that a cube (Fig. Bi) with volume 
V = L3 (Bl) 
contains granules of any shape and size which together have 
a volume 
v = yV. 
Consider, now, a thin slice of this cube of thickness dx 
parallel to the (z,y) plane having a volume 
(B2) 
z 
Fig.B1 A planar section or 
a SP,",Cfe containing 
particles. 
y 
x 
Fig. B3 Random lines across 
a planar sect. ion of 
a space containing 
particles. 
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Fig.B2 Variation or the 
rraction or solids 
on a planar section. 
v(x) 
11----"TT"-------. 
x 
Fig.B4 Variation or the 
rraction of solids 
on a random line. 
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dV = L2. dx. (B3) 
In this slice a volume 
dv = n(x). dV = n (x). L2. dx (B4 ) 
will contain segments of the granules. Land dx are constant 
wherever we place the slice but n(x) will vary with x, as is 
indicated in Fig. Bii. If dx ~ 0 the total volume of the 
granules v is 
But 
L 
v = J dv = 1 2, 
o 
1 
L 
1 
J n (x) dx = ii 
o 
L 
J n(x) dx = y. 13. 
o 
(B5) 
(B6) 
is the average value of the coefficient n(x) between 0 and L 
so that it follows from (3.5) and (3.6) that 
or 
n = y. (B7) 
Relation (B7) means that the volumetric frequency y of 
a given component is reflected on sections of the component 
in occupying a corresponding fraction n'of the section area. 
In more practical terms, an average fractional coefficient n 
determined on sections through a volume represents an 
estimator of the volumetric frequencyy of the component 
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under investigation. From this follows that !lA section is a 
quantitatively representative two-dimensional sample of a 
three dimensional system of randomly distributed structures~ 
Rosiwal:-
1et a square area S = 12 be covered by spots (trans-
sections of the. structure G under investigation) as 
illustrated in Fig. Biii over an area 
(BB) 
and consider a strip of width dx and area 
dS = 1 dx. (B9) 
A fraction 
(BlO) 
of this strip will thus be covered by spots. We shall now 
find that ~G(x) again varies with x (Fig. Biv). If dx ~ 0 
1 
sG = 1 f dx. ~G(x) = nG' 1 2, (Bll ) 
0 
But since 1 
1 JdX. ~G(X) \jiG L = (B12) 
0 
is the average value of ~G(X) between 0 and 1, it follows 
that 
(B13) 
245 
In deriving Delesse's principle, it was shown that 
average value of nG is an estimator of the volumetric 
fraction YG occupied by the structures under investigation. 
We, therefore, find that 
(B14) 
Rosiwal also demonstrated that the line along which ~G is 
determined need not be straight but may have any shape, so 
long as its course is not biased by the underlying array of 
transsections. 
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APPENDIX C 
A correction for the finite area of the receiving disc. 
Since the lower limit of response to applied force of 
the transducers dictated the area of the receiving disc, the 
disc could not be made as small as was desired. The weight of 
the transducer and reaction load had to be supported on a 
definite area to stop the receiver sinking into the sand. The 
area of receiving disc close to these conditions was ten 
square centimetres. Such an area did not measure the profile 
of force at a point. 
The actual profile of force on the surface was 
considered as concentric rings of width dS a distance S from 
the centre of the surface, Fig. Cl. The vertical stress 
detectable at a ring is G(S), where G(S) is a function of S. 
The measured force G(Z) is the sum of all the stress acting 
on the receiving disc. i.e. 
G(Z) = L G(S) dA (Ci) 
dA is the area over which stress G(S) acts. 
The area dA is given by the length of arc a distance S 
from the centre of the surface. The length of arc is given by 
the product of the angle subtended at the centre and S. 
dA = S. 2e. dS. 
Theta(e) is given by the cosine rule on the triangle of 
sides Y, S, Z shown in Fig. Cl. 
(Cii) 
Receiving disc 
Centre of 
material 
surface 
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acting 
Fig.C1,. The relationship between the actual profile 
of force G~), and the measured profile G(Z). 
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Y is the radius of the receiving disc and Z is the 
distance between the centres of the surface and the receiver. 
-1 [Z2 e = cos + S2 - y 2] 
2ZS (Ciii) 
Substituting equations Cii and Ciii in equation Ci the 
relationship between the measured profile G(Z) and the 
actual profile G(S) is:-
Z+Y 
G(Z) = f S. 2. 
Z-Y 
-1 
cos 
2ZS 
- YJ G (S ). dS. 
(Civ) 
This equation cannot be integrated either analytically 
or numerically since G(S) is unknown. Only by assuming the 
form of the function of.G(S) can equation (Civ) be evaluated. 
It was felt at this stage that an attempt at solving 
Civ would lead to more inaccuracy than assuming that G(S) was 
linear within the limits of the receiving disc; i.e. that the 
measured profile G(Z) was the same as the actual profile G(S). 
Consequently the correction was abandoned and all the 
profiles measured are assumed to be the actual profiles. 
249 
APPENDIX D 
TABLES OF EXPERIMENTAL RESULTS 
Some sets of experimental results for a particular bed 
depth of granular material had to be discarded because of 
indifferent performance of the transducers. Those included 
here are all considered to be accurate, However,occasionally, 
one column of results on a table is spurious, e,g, The 
velocity of propagation in Table D21 is low, In such a case 
if the other columns offered apparently valuable data the 
table was included, although it is known that calibration had 
drifted for one column of results, 
In those columns where one set of data appears above 
another, the upper figure is the data and the lower figure 
the accuracy, e,g, The value for impulse ratio on the top 
line of Table Dl is 2.13 which has a measurement accuracy of 
plus or minus ,11, 
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BED DEPTH 8,2 CM, OF FINE SAND, 
...... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
...... 
16A 000 2,13 2,34 0091 109, 0,0 
,11 .20 ,03 18, ,0 
16B 0,0 1.94 2,06 0,94 137, 0,0 
,10 018 ,04 29, ,0 
16c 2,0 1,80 1,91 0.94 137, . 0,0 
009 ,17 ,04 29, ,0 
16D 4,0 1.35 1.59 0,85 137, 0,0 
,08 ,15 ,03 29, ,0 
16E 6,0 1,08 1,27 0,85 117, 0,0 
006 ,12 ,03 21, ,0 
16F 800 0,76 ",96 0,79 119, 3,7 
,05 010 ,03 21, ,7 
16G 10,0 0,36 0,46 0,79 97, 17,1 
,03 ,05 ,03 14. ,8 
16H 12,0 0,14 0,14 0.94 75, 28,9 
,02 ,02 ,04 8, ,8 
16;( 14,0 0002 0,03 0,75 63. 38,5 
,01 ,02 .03 5, ,8 
Table Dl To measure the radial profile of force at the 
surface, The first bed of series 16,17,3 and 4, 
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BED DEPTH 24,7 CM, OF FINE SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
17A 0.0 0,34 0,60 0,57 165, 0,0 
.03 ,07 ,03 12, ,0 
17B 2,0 0,33 0,58 0,57 1650 0.0 
,03 ,07 ,03 12, ,0 
nc 4,0 0,29 0,51 0,56 165, 0,0 
.02 ,06 ,03 12, .0 
17D 6,0 0.26 0,47 0,56 145, 0,0 
,02 ,06 ,03 10, ,0 
17E 8,0 0,24 0,43 0,56 160, 1,2 
,02 ,05 ,03 12. ,2 
17F 10,0 0,18 0,33 0,56 145, 5,8 
.02 .04 ,03 1O. ,3 
17G 12,0 0,15 0,27 0.56 146, 10.4 
,01 ,04 .03 10, ,3 
17H 14,0 0,15 0.20 0,73 148. 14,8 
,01 ,03 ,03 10. ,3 
171 16,0 0.09 0,13 0,73 128. 19,0 
,01 .02 .03 7, .3 
17J 18,0 0,08 0,11 0,73 131, 23,1 
.01 ,02 .03 7. ,3 
Table D2 To measure the radial profile of force at the 
surface, The second of the series 16,17,3 and 4. 
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BED DEPTH 39,9 CM, OF FINE .. SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO. .... RATIO M/SECS ANGLE 
CM, 
3B 18,0 0,09 0,09 0,97 120, 14,8 
,01 ,02 ,03 4, ,2 
3C 16,0 0,10 0,10 L02 114, 12,1 
,01 ,02 ,03 4, ,2 
3D 14,0 0,11 0,11 L02 110, 9,3 
,01 ,02 ,03 3, ,2 
3E 12,0 0.12 0,11 L02 110, 6,5 
,01 ,02 ,03 3. ,2 
3F 10,0 0,14 0,13 L08 123, 3,6 
,02 ,02 ,03 4, .2 
3G 8,0 0,15 0,13 1. 15 121. 0, .. 8 
,02 ,02 ,03 4, ,1 
3H 6,0 0,15 0,13 L17 119, 0,0 
.02 ,02 ,04 4, ,0 
31 4,0 0,14 0,13 Lll 123, 0,0 
.02 ,02 ,03 4, ,0 
3J 2.0 0,16 0,13 1, 25 123, 0,0 
,02 ,02 ,04 4 , ,0 
3K 0,0 0,17 0,15 L17 123, 0,0 
,02 ,02 ,04 4, ,0 
Table D3 To measure the radial profile of force at the 
surface, The third bed of material in the series 16,17,3 & 4, 
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BED DEPTH 57,7 CM, OFFINE .. SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION. RATIO RATIO RATIO M/SECS ANGLE 
CM, 
4B IBoo 0,07 0.07 LOO IBo. 10,3 
,01 ,01 . ,03 6, ,I 
4c 1600 o,oB 0,07 L06 179. B,4 
,01 ,01 ,03 6, ,1 
4D 14,0 0,10 0,09 LoB 170, 6,5 
,01 ,01 ,03 5, ,1 
4E 12,0 0,12 0,09 1,22 193, 4,5 
,01 ,01 ,04 7, ,I 
4F 10,0 0.13 0,11 L23 192 • 2,5 
• 01 ,01 ,03 7. ,1 
4G BoO 0,15 0,11 1,33 193, 0,5 
001 ,01 ,04 7, ,1 
4H 6,0 0,17 0,12 1.3B IB3, 0,0 
,01 ,01 ,04 6, ,0 
.41 4,0 0,15 0,11 1,32 IB3, ,0 
,01 ,01 ,04 6. ,0 
4J 2,0 0,14 0.11 1,33 165, 0,0 
,01 ,01 ,04 5, ,0 
4K 0,0 0014 0012 L17 154, 0,0 
,01 ,01 .04 4, ,0 
Table J)4 To measure the radial profile of force at the 
surface. The deepest bed of material in the series 16,17.3 &4 
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BED DEPTH 57,7 CM. OF FINE SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
5C 0,0 0,11 0 .. 11 0,97 165, 0,0 
.01 ,01 ,03 5, ,0 
5D 0,0 0,11 0,13 0,91 165, 0.0 
,01 ,01 ,03 5, ,0 
5E 0,0 0,13. 0,13 1.02 162, . 0,,0 
,01 ,01 ,03 5. ,0 
5G 0,0 0,14 0,12 1.12 163, . 0,0 
.01 .01 ,03 5. .0 
5H 0,0 0.14 0.12 1.10 158. 0.0 
.01 .01 .03 5, .0 
51 18.0 0 .. 09 0,09 0.93 175. 10.3 
.01 ,01 ,03 6, .1 
5J 16,0 0,11 0.12 0.89 179, 8.4 
,01 .01 ,03 6, .1 
. 
5K 14.0 0.11 0.13 0 .. 85 178. 6.5 
,01 .01 .03 6. ,1 
5L 12.0 0.11 0.14 0.75 175 •. 4,5 
.01 .. 01 ,02 6. .1 
5M 10.0 0.10 0.13 0.81 170 •. 2.5 
.01 • 01 .03 5 • .1 
5N 8.0 0.10 0.12 0.83 163 .. 0.5 
.01 .01 .03 5, .1 
50 6.0 0.12 0,14 0,84 . 165 •. 0.0 
.01 .01 • 03 5 • .0 
5P 4.0 0.12 0.14 0,85 163, 0.0 
.01 • 01 ,03 5 • .0 
5Q 2,0 0.12 0.16 0,76 165. 0,0 
.01 .01 ,02 5, ,0 
5R 0.0 0.11 0.14 0.80 178. 0.0 
,01 ,01 .03 6, ,0 
Table D5 To measure the effect of evacuating the pore 
space, Compare with runs 4 and 6. 
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BED DEPTH 57,7 CM, OF FINE SAND; 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
6A 0,0 0,08 0,14 0,57 144, 0,0 
,01 ,02 ,02 4, ,0 
6B 2,0 0,11 0,16 0,70 142, 0,0 
,01 ,02 ,03 4, ,0 
6c 4,0 0,11 0,14 0,80 144, 0,0 
,01 ,01 ,03 4, ,0 
6D 6.0 0,12 0,15 0,82 158, 0,0 
,01 ,01 ,03 5, ,0 
6E 10,0 0,12 0,13 0,92 172, 2,S 
,01 ,01 ,03 6, ,1 
6F 14,0 0,10 0,12 0,81 170, 6,S 
,01 ,01 ,03 S, ,1 
6G 18,0' 0,10 0,11 0,88 177, . 10,3 
,01 ,01 0,3 6, ,1 
Table D6 To measure the effect of carbon dioxide in 
the pore space, Compare with runs 4 and S, 
256 
BED DEPTH 57.7 CM. OF FINE SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY I. ; 'i,PULSE 
POSITION RATIO RATIO RATIO M/SECS . "{" . WIDTH 
CM. MSEC. 
7C 0.0 0.13 0.15 0.87 131. . 1.0 
.01 • 02 .03 3 • 
7D 4.0 0.20 0.17 1. 22 154. - loO 
.01 .02 • 04 4 • 
7F 0.0 0.27 0.19 0.14 144. 1.5 
,02 .02 .01 4, 
7G 4.0 0,19 0,15 1.20 19}, 1.5 
-.01 ,01 • 03 7 • 
7I 0.0 0.14 0.16 0.89 150. 2.0 
.01 .01 • 02 4 • 
7J 4,0 0.16 0.16 0.97 154, 2,0 
.01 .01 • 02 4 • 
7L 0.0 0.09 0.16 0,59 133, 2.5 
.00 • 01 ,02, 3. _ . 
7M 4.0 0.13 0.17 0.78 127. 2·5 
.01 • 01 .02 3 • 
70 0.0 0.13 0.19 0.71 139 •. 3·0 
.01 ,01 • 01 4 • 
7P 4,0 0,08 0,12 0.67· 139. 3·0 
.00 001 • 01 4 • 
7R 0,0 0,06 0,09 0,70 105, -- 3,5 
.00 .01-· , 1 2, 
73 4.0 0.06 O.ll 0.56 105. 3,5 
.00 .01 ,01 2. 
7U 0,0 0.05 O.ll 0,43 98, 4.0 
.00 .01 • 01 2 • 
7X 0,0 0.05 0,13 0.40 - 105. 4,5 
.00 • 01 .01 2 • 
7Y 4,0 0.03 0.10 0.31 128. 4.5 
.00 .01 . 01 3 • 
Table D7 To measure the effect of variation of pulse 
width. 
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BED DEPTH 57.7 CM. OF FINE SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY '" ','·(.PULSE 
POSITION RATIO RATIO RATIO M/SECS 11 "I"~ :. !.L" WIDTH 
CM. MSEC. 
7a 0,0 0,06 0,15 0,41, 77, 5,0 
.00 .,01. ,01 1, 
7b 0.0 0.06 0,15 0,37 77. 5·0 
,00 ,01 .01 1, 
7c 0,0 0,05 .0.16 0.34 70. 5·5 
,00 ,01 .01 1. 
7d 0.0 0.04 0,13 0,29 69. ' 6.0 
.00 • 01 • 01 .. 1 • 
7e 0,0 0.03 0,15 0,24 68. 6.5 
.00 .01 . ·.OL, '1 •.. 
7f 0,0 0.04 0.14 0.27· 67. 7,0 
.00 .01 .01 l. 
7g 0,0 0,04 0,16 0,23 66, 8.0 
,00 ,01. ,01 1 . . 
7h 0.0 0,04 0.14 0.25 64 , . 9·0 
,00 .01 ,01 1,. 
,7i 0,0 0.03 0.14 0.24 60, 10.0 
.00. .. ,01 • 01 1 •. 
Table DB To measure the effect of variation of pulse 
width. 
25B 
BED DEPTH 57,7 CM, OF FINE SAND, 
. . . . . . . . . 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PULSE 
POSITION RATIO RATIO RATIO M/SECS HEIGHT 
CM, % OF MAX. 
BD 0,0 0,15 0,13 1.09 160, 14,6 
,02 .02 ,04 5. 
BE 0.0 0,12 0,09 1.25 160. 24,5 
.01 ,01 .04 5. 
BF 0,0 0,11 0,12. 0,94 144. 29.B 
.01 ,01 ,03 4. 
SG 0,0 0,12 0,11 1.10 167, 35,7 
.01 .01 .03 5. 
8H 0,0 0.10 0.09 1.12 131. 43,8 
.01 .02 .04 3. 
81 0,0 0,11 0.11 1.06 117. 53,4 
.01 .01 .03 3. 
8J 0.0 0,12 0,10 1.23 141. 59,5 
.01 ,01 ,03 4, 
8K 0.0 0.12 0.10 1.18 14B. 65,S 
.01 ,01 ,03 4, 
8L 0,0 0,11 0.10 1.14 13S, 76.1 
.01 ,01 .03 4, 
BM 0.0 0.12 0,11 1.04 144, 100.0 
.01 • 01 ,03 4 • 
Table D9 To measure the effect of input force at· a 
pulse width of 1.25 milliseconds, 
259 
BED DEPTH 57.7 CM. OF FINE SAND. 
. ........ 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY LOAD ON 
POSITION RATIO RATIO RATIO M/SECS RECEIVING 
CM, TRANSDUCER 
9A 0.0 0.02 0.08 0.29 165. 3.4 
.01 .02 .02 5. 
9B 0,0 0.01 0.06 0.27 156. 5.4 
.00 .01 .02 5. 
9C 0.0 0,01 0.04 0.31 144, 8.0 
• 00 • 01 .02 . 4 • 
9D 0.0 0.01 0.04 0.38 160. 60,8 
.00 .01 .02 5. 
9E 0,0 0,02· 0.05 . 0.44 . 156. 174. B 
.00 ,01 .02 5. 
9F 0.0 0.05 0.08 0.57· 154. 233,0 
,00 .01 .02 4. 
9G 0.0 0,05 0.08 0.59 154, 300.8 
,00 • 01 .02·· 4 • 
9H 0.0 0.02 0.05 0.46 158. 300,8 
,00 .01 ,02 5. 
91 0.0 0,02 . 0.05 0.43 144. 458.1 
.00 • 01 .02 4 • 
9J 0.0 0.04 0.04 1.03 136. 643.4 
.00 ,00 .03 4. 
9K 0.0 0.03 0.04 0.74 141. 920.0 
.00 • 00 .03 4 • 
9L 0.0 0.05 0.06 0.93 1410 1100.3 
.00 .01 .03 4, 
Table DlO To measure the effect of load on the surface 
receiver, 
260 
BED DEPTH 59.2 CM, OF FINE SAN;D, 
. . . . . . . . . .' .... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY NUMBER OF 
POSITION RATIO RATIO RATIO M/SECS PULSES 
CM. APPLIED 
llA 0,0 0.05 0.08 0,67 . 14L 3 
.00 .01 ,01 4. 
llB 0.0 0,08 0,17 0.51 119 • 16 
.00 .01 • 01 3. 
llC 0.0 0,07· 0.15 0,51 119, 27 
,01 .01 ;01 3. 
11D 0.0 0.08 0.17 0.48 116, 99 
.01 .01 ,01 3. 
llE 0.0 0,10 0.21 0.49 96. 199 
.01 ,02 .01 2. 
30 rnin" 
llF 0.0 0.10 0.17 0.59 198. 50 Hertz 
,01 .01 .01 7. vibration 
11G 0,0 0.09 0.15 0.58 198. 30 min. 
.01 .01 .01 7. 50 Hertz 
vibration 
llH 0.0 0.09 0.15 0.55 198. 
.01 .01 .01 7. 2 hours 
50 Hertz 
vibration 
Table Dll To measure the compact ion of the number of 
pulses applied. 
261 
BED DEPTH 12,4 CM, OF COARSE SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
12C 0,0 1, 23 1.32 0.93 131- 0.0 
,07 ,12 ,04 17, ,0 
12D 2,0 1, 26 1.36 0,93 146, 0,0 
,07 ,12 ,04 21. ,0 
12E 4,,0 0,90 loll 0,81 131- 0,0 
,05 ,11 ,03 17, ,0 
12F 6,0 0,79 1.03 0,77 124, 0,0 
,05 ,11 ,03 15, ,0 
12F 8,0 0,63 0,71 0,89 125, 2,4 
,04 ,07 ,03 15, ,5 
12H 10 ,0 0·,33 0,34 0,96 108, 11.5 
,03 ,04 ,04 11. ,5 
121 12,0 0,27 . 0·,30 0,91 98, 20,0 
,02 .04 .03 9. ,6 
12J 14,0 0.06 0,08 0,73 86. 27.8 
,01 ,02 ,03 7, ,6 
12K 16.0 0,03 0,05 0.60 76, 34,5 
,01 ,02 ,03 5, ,5 
12L 18,0 0,01 0,03 0,52 76, 40,3 
,01 ,01 .03 5, .5 
Table D12 To, measure the profile of force at the 
surface, The first of the series 12,13,14,and 15, 
262 
BED DEPTH 23,6 OF COARSE SAND, 
...... . . . . . . . . . . . . . . . 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
13B 0,0 0,42 0,72 0,58 157, 0,0 
,02 ,07 ,02 12, ,0 
13C 2,0 0,37 0,65 0,57 157. 0.0 
,02 ,06 ,02 12, ,0 
13D 4.0 0,35 0,64 0,55 157, 0.0 
,02 ,06 ,02 12, ,0 
13E 6,0 0,32 0,54 0,59 157, 0,0 
,02 ,05 ,02 12, .0 
13F 8,0 0,23 0,42 0,55 148, 1,3 
,02 .04 .02 11, ,2 
13G 10.0 0,18 0,35 0,50 13L 6,1 
,01 ,04 ,02 8, ,3 
13H 12,0 0,12 0,28 0,43 119, 10.9 
,01 .04 ,02 7, .3 
131 14,0 0,09 0,20 0,43 117, 15,5 
,01 ,03 ,02 7, ,3 
13J 16,0 0,06 0.14 0.43 120, 19.9 
,01 ,02 ,02 7. ,3 
13K 18,0 0,06 0.13 0.43· 112, 24,0 
,01 ,02 ,02 6. ,3 
Table D13 To measure the profile of force at the 
surface, The second of the series 12,13,14,and 15, 
263 
BED DEPTH 37.5 CM, OF COARSE SAND, 
...... . ..... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
14A 000 0.08 0.18 0,45 1310 0,0 
,01 .02 ,01 5, .0 
14B 0.0 0.16 0,32 0,50 134. 0.0 
.01 .04 ,02 5. .0 
14c 200 0.11 0.29 0.38 127· 000 
,01 ,04 ,02 5. ,0 
14D 4.0 0.09 0,25 0,38 144. 0,0 
.01 .03 .02 6, ,0 
14E 6,0 0,08 0.22 0.38 136. 0.0 
,01 .03 .02 6. ,0 
14E 6.0 0,08 0.22 0.38 136. 0,0 
• 01 ,03 ,02 6 • .0 
14E 8.0 0.11 0,24 0,47 134. 0.8 
,01 ,03 .02 5, .2 
14F 8.0 0.11 0,24 0,47 134. 0,8 
.01 .03 .02 5. ,2 
14(1 10.0 0.09 0.22 0,43 125. 3.9 
.01 ,03 ,02 5. ,2 
14H 12,0 0,10 0,18 0,57 134, 609 
,01 ,02 .02 5. ,2 
141 14.0 0.08 0,15 0.53 122. 9.9 
,01 .02 .02 4. ,2 
14J 16,0 0.06 0,12 0,47 109, 12.8 
,01 .02 ,02 3. .2 
14K 1800 0.06 0,10 0.57 103, 15,7 
.01 .02 ,02 3. ,2 
Table Dl4 To measure 'the profile of force at the 
surface, The third of the series 12,13,14 and 15, 
264 
BED DEPTH 55,1 CM, OF COARSE SAND, 
....... . ..... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
15A 0,0 0,07· 0,16 0,44 147, 0,0 
,01 ,02 ,02 4, ,0 
15B 2,0 0.12 0,18 0,63 138, 0,0 
,01 ,02 ,02 4, ,0 
15C 4,0 0.09 0,18 0,52 130, 0,0 
,01 ,02 ,02 3, ,0 
15D 6,0 0,11 0,18 0,59 130, 0,0 
,01 ,02 ,02 3. ,0 
15E 8,0 0,08 0,16 0.47 123, 0,5 
,01 ,02 ,02. 3, ,1 
15F 10.0 0,07 0.17 0,42 120, 2,6 
,01 ,02 ,01 3, ,1 
15G 12,0 0.08 0.16 0,50 123. 4,7 
.01 ,02 ,02 3. ,1 
15H 14,0 0.10 0,17 0,59 123, 6,8 
,01 ,02 ,02 3, ,1 
151 16,0 0,08 0,16 0,50 139. 8,8 
,01 ,02 ,02 4 , ,1 . 
153 18,0 0.08 0,15 0,54 155. 10.8 
,01 ,02 ,02 5. ,1 . 
Table D15 To measure the profile of force at the 
surface, The fourth of the series 12,13,14 and 15. 
265 
BED DEPTH 2,0 CM, OF FINE SAND, 
....... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CMo 
,J 
20A 000 4,11 4.11 LOO 80, 000 
,35 ,53 ,05 60, 00 
20B 2,0 3,92 3092 LOO 57. 0 00 
,34 051 005 27, ,0 
20C 4,0 3035 3,35 0,00 57, 0,0 
.29 ,44 .. ,05 27, ,0 
20D 6,0 2,20 2,20 LOO 50, 0,0 
,21 ,31 005 200 00 
20E 8,0 0,51 0051 LOO 47, 14,7 
009 ,11 ,05 14, 3,5 
20F 10,0 0,00 0.00 0, 5106 
,17 0, 2,5 
20G 0,8 3096 3,96 LOO 67, 0,0 
,33 ,50 ~05 380 .0 
20H 5,6 3,16 3016 LOO 570 000 
028 042 ,05 27, .0 
201 L5 3064 3,64 LOO 57, 0,0 
032 ,48 ,05 270 ,0 
20J 2,5 3,65 3,65 LOO 44, 000 
,32 ,49 ,05 16, ,0 
20K 505 2,49 2,49 . LOO 44, 0,0 
,23 ,34 ,05 16, ,0 
Table D16 To measure the profile of force at the 
surface of a shallow bed, 
266 
BED DEPTH 2 .. 2 CM, OF COARSE SAND, 
. . " . . . . . . . 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
37D 2.0 1.24 L28 0,97 44, 0,0 
,07 ,11 ,03 14, ,0 
37E 4.0 0.32· 0,33. 0,98 3L 16,5 
.04 ,05 .03 6, 3,2 
37G 6.0 0,05 0.04 1.13 25, 50,3 
.01 • 01 .04 4 • 2.3 
37H 8.0 0.02 0,03 0,83 36. 64.7 
.00 .01 ,03 5, 1.5 
371 10.0 0,02 0.02 0,76 54. 71.7 
.00 .00 . 03 7 • LO 
37J 12.0 0.02 0,03 0,81 72, 75.7 
,00 ,01 .04 9, .8 
Table D17 To measure the profile of force at the 
surface, The series 37 to 41 is of shallow beds, 
267 
BED DEPTH 7.2 CM, OF COARSE SAND, 
.......... . ..... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
38A 0.0 0.66 0.82 0.80 96. 0.0 
.03 ,06 ,02 16, .0 
38B 2.0 0.62 0.81 0,77 69, 0,0 
,03 .06 ,02 8, .0 
38c 4.0 0.61 0.87 0.71 86. 5,2 
.03 .06 • 02 13 • ·9 
38D 6.0 0.24 0.29 0,83 63. 20.2 
.02 ,03 • 02 7 • LO 
38E 8.0 0.14 0,19 0.75 65, 32.9 
.01 ,02 ,02 7. .9 
38F 10.0 0.09 0.16 0,60 53. 42.7 
.01 ,02 • 02 4 • .8 
38G 12.0 0,10 0,17 0,62 67, 50,2 
,01 ,02 . 02 5 • .7 
38H 14.0 0.13 0.20 0,65 85, 55,9 
.01 ,03 ,02 8. ,6 
381 16.0 0,08 0.14 0.56 87, 60,4 
,01 ,02 ,02· 7. .5 
Table D 18 To measure the profile of force at the 
surface, The series 37 to 41 is of shallow beds. 
268 
BED DEPTH 11,6 CM, OF COARSE SAND, 
• • • • r , • • • .......... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
39A 0,0 0.75 0.63 L18· 89, 0.0 
,04 .05 ,04 8, ,0 
39B 2.0 0,45 0.44 1,02· 6L 0,0 
,03 ,05 ,04 4, .0 
39C 4.0 0.31 0,35 0.90 52, 3.2 
,02 .04 .03 3, ,5 
39E 8.0 0.18 0,26 0,69 43, 2L8 
,02 ,03 ,03 2. ,6 
39F 10.0 0,19 0,19 LOO 79. 29,8 
,03 ,03 ,04 6. .6 
39G 12,0 0,04 0.04 0.98 87. 36,7 
.00 .01 • 03 7 • ,6 
39H 14.0 0.04 0,04 0,98 91, 42.6 
,00 .01 • 03 7 • .5 
391 16,0 0,04 0,04 0.98 106, 47.5 
.00 .01 ,03 8. 05 
39J 18.0 0,04 0.03 1.13 108. 51.6 
,00 .00 .03 8, ,4 
Table D19 To measure the profile of force at the 
surface. The series 37 to 41 is of shallow beds. 
269 
BED DEPTH 17.6 CM. OF COARSE SAND • 
. . . . . . . . . . . . . . . ..... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
. ....... 
40A 0.0 0.20 0.29 0.67 58. 0,0 
.01 ,03 ,03 2, ,0 
40B 2.0 0,27 0.33 0.83 6l. 0,0 
.02 .03 • 03 3 • ,0 
40C 4,0 0.16 0.22· 0.70 54. 2.1 
.01 .02· • 03 2 • .3 
40D 6.0 0.12 0.16 0.73 55, 8.6 
.01 .02 • 03 2 • .4 
40E 8.0 0.06 0.09 0.69 54. 14.8 
,01 .01 • 03 2 • .4 
40F 10.0 0.01 0.02· 0.30· 5l. 20.7 
.00 .01 • 02 2 • .4 
40G 12.0 0.02 . 0.03· 0.51 55. 26.2 
,00 .01 ,03 2. .4 
401 16.0 0.02 0.04 0.51 115. 35.7 
.00 .01 .03 7, .4 
40J 18,0 0.00 0.01 0.39 112. 39.8 
.00 .00 • 02 7 • .4 
Table D20 To measure the profile of force at the 
surface, The series 37 to 41 is of shallow beds. 
270 
BED DEPTH 26.4 CM. OF COARSE SAND. 
, . . . . , . . . . . . . . . . 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY· PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
41A. 0.0 0.08 0.13 0.56 63. 0,0 
.01 ,02 ,02 2, ,0 
41B 2.0 0,08 0.10 0,76 62. 0.0 
.01 .01 • 03 2 • ,0 
41C 4.0 0,07 0.10 0.68 62, L4 
.01 ,01 • 03 2, .2 . 
41D 6,0 0,07 0.09 0.03· 2. .2 .. 
,01 .01 • 03 2 • ,2 
41E 8,0 0.04 0.06 0.78 67. 10.0 
.01 .01 • 03 2 • .2 
, 
41F 10,0 0;03 0.04 0,76 63. 14,1 
,00 .01 .03 2. .~ 
41G 12,0 0.02 0,02' L07 65, 18.1 
.00 .00 .04 2. .3 
41H 14.0 0,01 0,02 0,89 63, 22.0 
.00 .00 • 03 2 • .3 
41I 16.0 0.01 0.01 0.74 60. 25.6 
.00 .00 .03 2, .3 
41J 18.0 0.01 0,02 0,77 63. 29,0 
.00 • 00 .03 2 • .3 
Table D21 To measure the profile of force at the 
surface. The series 37 to 41 is of shallow beds, 
271 
BED DEPTH 4.1 CM •.. OFFINE SAND. 
RUN RADIAL IMPULSE ,HEIGHT' WIDTH ' VELOCITY PROPAGATION 
POSITION, RATIO .. " RATIO· . RATIO M/SEes ANGLE 
CM. 
42B 0.0 1. 45 1. 43 1.02 117, . 0.0 
.08 .12 .03 51. .0 
42C 2.0 0.99 0.97 1.01 117 • 0.0 
• 06 .09 .03 51. .0 
42D 4.0 0.25 0.22 1.15 106, 9.0 
.02 • 03 ' ,03, 39 • 1,6 
42E 6.0 0.04 0.03 1.23 93. 32,9 
.01 • 01 .04 30 • 1,6 
42F 8.0 0.04 0.04 0.95 53 • 48.6 
.00 .01 • 03 7. 1,3 
42G 10.0 0,04 0.04· 1.21 71. 58.3 
,01 • 01 .04 10 . LO 
42H 12.0 0.02. 0.02 0.85 80. 64.6 
.00 .00 .03 10, .8 
Table D 23 To measure the profile of force at the 
surface, The series 42 to 46 of shallow beds. 
272 
BED DEPTH 7,7 CM, OF. FINE. SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
43A 0,0 0,92 0,91 1,01 129, 0,0 
.06 ,os ,03 2S. ,0 
43C 2,0 0,S6 0, So 1,07 129. 0,0 
,04 ,06 ,03 2S, ,0 
43D 4,0 0.22 0,22 1,00 5S. 4,S 
,02 ,03 .03 5, ,S 
43E 6,0 0,07 0,07 0,97 52, 19,0 
• 01 .01 ,03 4 • ,9 
43F S.O 0.05 0.04 1, 16 79, . 3Ll 
,00 .01 ,03 9, ,9 
43G 10,0 0,01 0,01 0,S7 73. 40,S 
.00 .00 ,03 7, ,8 
Table D24 To measure the profile of force at the 
surface, The series 42 to 46 of shallow beds, 
273 
BED DEPTH 11. 7 CM, OF FINE SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
44A 0.0 0,44 0.50 0,89 111. 0,0 
,02 ,04 ,02 13. ,0 
44B 2,0 0,43 0,46 0,93 123, 0,0 
,02 ,03 ,02 16, ,0 
44c 4,0 0,37 0.34 1.08 124, 3,2 
,02 ,02 .03 16, 0,5 
44D 6,0 0,10 0,14 0,73 51. 12,8 
,01 .01 ,02 3, ,6 
44E 8.0 0,05 0,08 0,68 48, 21.7 
,01 ,01 .02 2, ,6 
44F 10.0 0,01 0,01 0,44 98, 29,6 
,00 ,00 .02 9. ,6 
44G 12,0 0,01 0,02 0,64 97, 36.5 
,00 .00 .02 8, ,6 
44H 14,0 0,01 0,02 0.64 105, 42,3 
,00 .00 .02 9, . 5 
441 16.0 0,01 0,02 0,49 67, 47,2 
,00 .00 ,02 3. ,5 
Table D25 To measure the profile of force at the 
surface, The series 42 to 46 of shallow beds, 
274 
BED DEPTH 17,5 CM, DF.·FINE SAND, 
RUN RADIAL IMPULSE HEIGHT, WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
45A 0,0 0,06 0.14 0,47 43, 0.0 
,01 ,02 ,02 L ,0 
45B 0.0 0,07 0,15 0.46 44. 0.0 
.01 ,02 ,02 1, ,0 
45C 2.0 0,04 0,10 0.44 40, 0,0 
,00 ,01 ,02 1, ,0 
45D 4,0 0.05 0,09 0,52 44, 2.1 
00 ,01 .02 10 ,3 
45E 6.0 0,03 0,06 0,48 44. 8,6 
,00 ,01 ,02 1, .4 
45F 8,0 0.03 0.05 0.56 46, 14,9 
,00 ,01 ,02 L ,4 
45G 10,0 0,01 0,02 0,43 43. 20,8 
,00 ,00 ,02 1, ,4 
45H 12,0 0.00 0,01 0,32 40, 26,3 
.00 .00 .02 1, ,4 
451 14,0 0,01 0,01 0,57 42, 31,3 
,00 .01 .02 L ,4 
45J 16.0 0,01 0,02 0,61 133, 35,9 
,00 ,00 ,02 10, 04 
45K 18.0 0,02 0,03 0.66 124, 39.9 
,00 .00 ,02 8. ,4 
Table D26 To measure the profile of force at the 
surface, The series 42 to 46 of shallow beds, 
275 
BED DEPTH 25,2 CM, OF FINE SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
46A 0,0 0,05 0,05 1,02 52, 0,0 
,00 ,00 ,03 L ,0 
46B 0,0 0,05 0,05 .0,95 50, 0,0 
,00 ,01 ,03 L ,0 
46c 2,0 0,04 0,05 0,91 54, 0,0 
,00 ,00 ,03 L ,0 
46D 4,0 0,04 0,04 0,94 54, L5 
.00 ,00 ,03 L ,2 
46E 6,0 0,03 0,03 0,84 54, 6,0 
,00 ,00 ,03 1, ,2 
46F 8,0 0,03 0,04 0,75 57, 10,5 
,00 .00 ,03 2, ,3 
46G 10,0 0,02 0,03 0.77 54, 14,8 
,00 ,00 ,03 1, ,3 
46H 12,0 0,02 0,03 0,92 53, 18,9 
,00 ,00 ,03 10 ,3 
461 14,0 0,03 0,03 0,97 55, 22,9 
,00 ,00 ,03 1, ,3 
46J 16,0 0,02 0,02 0,97 55, 26,7 
,00 ,00 ,03 1, ,3 
Table D27 To measure the profile of force at the 
surface, The series 42 to 46 is of shallow beds, 
276 
BED DEPTH 17 .3 CM, OF FINE SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
48c 0,0 0,19 0,14 L33 144, 0.0 
,02 ,03 ,15 14, ,0 
48D 2.0 0.22 0012 L77 139, 0,7 
.03 ,03 ,20 13, ,3 
48E 6,0 0,07 0.06 L22 125, 13,7 
.01 ,01 ,12 10, ,4 
48F 10,0 0.02 0,01 L50 133, 25.4 
,00 ,00 .17 11, ,4 
481 15,0 0,00 0,00 L77 127, 37,4 
,00 000 .13 9, 04 
Table D 28 To measure propagation phenomena of an 
impulse travelling downward, 
277 
BED DEPTH 31,1 CM, OF FINE SAND, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
49B 0.0 0.02 0,02 1. 25 155, 0.0 
.00 ,00 ,11 9. ,0 
49C 5,0 0,01 0,01 1. 94 152, 5,9 
.00 .00 ,16 8, ,2 
49D 10,0 0,01 0,01 2.23 151, 14,8 
.00 .00 .23 8, .2 
49E 15,0 0,00 0.00 2,38 133, 23.0 
,00 ,00 .24 6, .2 
Table D29 To measure propagation phenomena of an 
impulse travelling downward. 
278 
BED DEPTH 41.1 CM, OF FINE SAND, 
....... . . . . . . . . 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
50B 0,0 0,03 0,01 2 0 00 168, 0,0 
.00 ,00 ,27 8, ,0 
50C 5,0 0,02 0,01 1.85 155, 4,5 
,00 ,00 ,20 6, ,1 
50D 10,0 0,02 0,01 2,17 157. 11.3 
.00 .00 ,24 7, ,2 
50}'; 15,0 0,01 0,00 3.27 186, 17,8 
• 00 .00 ,36 9 . .• 2 
Table D 30 To measure propagation phenomena of an 
impulse travelling downward. 
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BED DEPTH 26.3 CM. OF COURSE SAND. 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM. 
51B 0.0 0.04 0.05 0.79 188. 0.0 
.00 .01 .07 15. .0 
51C 5.0 0.04 0.04 LOO 176. 7.0 
.00 .01 .08 13. .2 
51D 10.0 0.02 0.02 1. 04 151. 17.4 
.00 .00 .09 9. .3 
51E 15.0 0.01 0.00 1.11 128. 26.7 
• 00 .00 .11 6 • .3 
Table D31 To measure propagation phenomena of an 
impulse travelling downward. 
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BED DEPTH 36,3 CM, OF COARSE SAND, 
. . , . . ..... 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
52A 0,0 0,05 0,04 1.41 177, 0,0 
,01 ,01 ,13 10, 0,0 
52B 5,0 0,04 0,03 1.39 162 5,4 
,00 ,00 ,13 8, ,2 
52C 0,0 0,04 0,04 loll 155, 0,0 
,00 ,01 ,11 7, ,0 
52D 10,0 0002 0001 1.76 154, 1300 
000 ,00 ,15 7, 02 
52E 15,0 0,01 0,01 2,29 150, 20,3 
,00 ,00 ,18 7, ,2 
Table D32 To measure propagation phenomena of an 
impulse travelling downward, 
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BED DEPTH 48,6 CM, OF COARSE SAND, 
• • • • • C • , • • • • • • 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
53B 0,0 0,02 0,03 0,82 181, 0,0 
,00 ,01 ,08 7, ,0 
53E 5,0 0,01 0,02 0,70 168, 4,0 
,00 ,00 ,07 6, ,1 
53F 5,0 0,02 0,02 1,07 168, 4,0 
,00 ,00 ,13 6, ,1 
53G 15,0 0,01 0,01 1, 22 167, 15,4 
,00 ,00 ,12 6, ,1 
Table D'33 To measure propagation phenomena of an 
impulse travelling downward, 
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BED DEPTH 16,8 CM, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
55A 0.0 0,15 0,13 1.14 39. 0,0 
,02 ,02 ,05 1, ,0 
55B 0,0 0,16 0,14 1.10 39, 0,0 
,03 ,03 ,04 1, ,0 
55C 5,0 0,15 0.13 1.13 43, 6,4 
,01 ,02 ,04 1. ,4 
55D 10,0 0.20 0,18 1.12 45, 22,2 
,02 ,02 ,04 1. ,4 
55E 15,0 0,21 0,18 1.15 46, 36,6 
,02 ,02 ,04 1. ,4 
Table D35 To measure propagation phenomena of an 
upward propagating negative pulse, 
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BED DEPTH 5,3 CM, 
RUN RADIAL IMPULSE HEIGHT WIDTH VELOCITY PROPAGATION 
POSITION RATIO RATIO RATIO M/SECS ANGLE 
CM, 
54c 0,0 0.34 0,22 1.54 48. 0,0 
,02 ,02 ,04 6. ,0 
54D 2,0 0,44 0,29 1.52 96, 0,0 
.02 ,02 ,04 24, ,0 
54E 4,0 0,29 0,24 1.20 54, 9,3 
.02 ,02 ,04 7, 1.2 
54F 6,0 0.28 0,28 LOO 52, 28,4 
,02 ,02 ,04 6, 1.3 
54G 8,0 0.24 0,23 1.06 44. 42,6 
,02 .02 ,03 4~ 1.1 
54H 10,0 0,21 0.22 0,95 28. 52,4 
,01 .02 ,03 1. ,9 
541 12,0 0.19 0,18 1.06 26, 59.1 
,02 ,02 .04 1. ,8 
54J 14,0 0,25 0,21 1.18 31. 64,0 
,02 ,02 .04 1. , 6 
54K 16,0 0,25 0,24 1.08 32, 67,6 
,02 ,03 ,04 1, ,5 
54L 18,0 0,23 0,21 1.10 37, 70.4 
,02 ,02 ,04 1, .5 
Table D34 To measure propagation phenomena of an 
upward propagating negative pulse, 
APPENDIX E 
NOMENCLATURE 
The symbols used in the Thesis are divided into two 
sections. 
(1) Those which are used in the present theories and are 
maintained throughout. 
(2) Those which were derived by other authors and are 
maintained for clarity. 
1 2 
A 
a 
B 
b 
C 
c 
c ' 
D 
D' 
a 
B 
Constant to ease manipulation. 
Interparticle contact radius. 
(p.37)'Amplitude of vibration. 
Constant to ease manipulation. 
(p.58)··Constant for that g~anular material. 
The radius at which local normal stress n is 
calculated. 
Constant to ease manipulation. 
Length of a contact chord. 
Inner radius of annulus of slip at an inter-
particle contact. 
Horizontal displacement at a point on the 
surface from the centre of the system. 
Constant to ease manipulation. 
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285 
1 2 
d The horizontal displacement of two contacts 
d 
F 
F sin wt 
G(S) 
G(Z) 
g 
g(D) 
g(x) 
H' 
H 
I 
across one particle. 
(p.67) 'Diameter of the mould. 
Force. 
Vibratory force. 
Vertical stress at radius (S) on the surface of 
granular material. 
Measured profile of vertical stress at radius 
(Z) on the surface of granular material. 
The acceleration of gravity. 
The distribution of force on a horizontal plane 
at radial distance (D). 
The distribution of force on a horizontal plane 
at radial distance (x). 
The height of a bed of granular material. 
Horizontal displacement of an interparticle 
contact due to vertical for6e (W). 
Input force. 
i(subscript) One particular value of •••••• 
J Shear stress. 
j(subscript) For the case where e > tan-l~. 
k The number of contacts on one particle. 
L The mean value of vertical force on one contact. 
L (p.15) Load on the vibrating table. 
L (pp.24l-244) Length of side of cube of volume V, 
and of side of square of area S. 
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1 2 
M Number of particles traversed via contacts in 
N 
N' 
n 
o 
P 
p 
p(d) 
R 
R' 
r 
S 
s 
T 
order to follow a line which intercepts 
N particles. 
The second moment of the random chord 
distribution. 
m (p.37) Seismic mass. 
m 
N 
Po 
sG 
(p.66) Mass of powder being compacted. 
The number of particles cut by a line in a 
random direction. 
Normal force at an interparticle contact. 
er.56) Number of balls contained in an experiment. 
Local normal stress on an interparticle contact 
surface. 
Output force. 
The vertical load on an element of granular 
material of unit horizontal area. 
(p.66) Static compressive force. 
Pressure. 
The probability of •••••• (d). 
Mean radius of curvature of an irregular particle. 
The.radius of the input disc. 
Length of a random chord. 
Area of a section of granules and voids. 
Shear modulus of the material of the particles. 
Area of the granules. 
Tangential force at an interparticle contact. 
287 
1 2 
V Vertical displacement of a contact. 
v (p.24l) Volume of a cube of granules and voids. 
v 
v 
v 
w 
w 
x 
y 
z 
Volume of an element of granular material. 
(p.37) Frequency. 
(p.24l) Volume of granules. 
Vertical force on an interparticle contact. 
Power consumption. 
Displacement, length. 
Radius of receiving disc. 
Horizontal distance between the centres of the 
input and receiving disc. 
Normal displacement of an interparticle contact. 
The angle between the normal to the common 
tangent at an interparticle contact and 
the vertical direction. 
y Fraction of volume V occupied by solid granules. 
6 Small value of the following symbol. 
£ 
n(x) 
-n 
6V/Vo Suzuki's velocity function. 
Tangential displacement of an interparticfe 
~ontact. 
Porosity, fraction of voids in a granular 
material. 
Variation of the fraction of solids in an 
elemental slice of granular material. 
Mean value of n(x). 
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1 2 
nG Fraction of granules in section of granules and 
e 
e 
~ 
~ 
v 
V 
p 
a 
a 
a2 d 
a 2 D 
a 2 P 
2~ 
~G 
voids. 
Angle between a contact chord and a fixed 
direction. 
Angle subtended by the arc of radius S within 
the receiving disc. 
Horizontal angle between a fixed vertical plane 
and a contact chord. 
Following a number, microns, 10-6 metres. 
Coefficient of Limiting Friction. 
Poisson's ratio for the material of the particles. 
Poisson's ratio for a granular material. 
Density of material of the particles. 
Standard deviation. 
(p.67) Shear modulus. 
Variance of d. 
Variance of D. 
Projected variance. 
Angle subtended by the arc of radius x 
coinciding with 'the input disc. 
Variation of the fraction of solids in an 
elemental strip of granular material. 
Mean value of ~G(x). 
Natural frequency. 
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